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the recced ings: of the 1984 Annust Hect frig foltow the! 
pattern af previons proceedings which reflect the orpanization _. 


Of the mect Pig. tow fong must one exist 
At a voung cight yoars ‘our, 


+) foblowing troditioun! tagredients: 


1) Majot presentations by prominen 
‘iid mathematics educators. 


b) Several working roups where topics aud fxsucs 
of interest to this Corr rcutar ‘smntl communtay: 
d a 


of scholars nie considered. 


Cc) Topic groups permit individuals 
mike presentations on items of 


‘ Roy, 
ad 
dy} Paneds.- ad 


< 


These proccedings, tn some small wa 
traditions as they unfolded in 1984. 


4 ~ a 


‘ . Che 
BAN 
t 
7 
C a 
. + a s 
“ _. ft 
é 
é 
r = » 
, « 
™ i 


Annual Noeting has acquired the 
+ . a8 * . 


ah : tice . 
. . te, 
7 $0 Preface ; ae . 
oH ctly a ae CANADIAN MATHEMATICS EDUCATION STUDY GROUP fe 
sa tees ee 7 GROUPE CANADIEN D' ETUDE BN DINACTIQUE DES MATIIFMAT 11MtF: Zr 
. «1984 MEETING — , 
=» e . é a. a * : 7 . : : 
- | ( 


: 2 “The elghth anual meeting of the stuty Croup sew held at the (hiversity of | 


; ssticiaws came together to, discuss and explore isaues fn mnt howtion educa- 

* ton. Some issues weme new - the fagact of computers,- recent curriculum 
reforms, for inetance - othece were hanly peremials - the place of vieual- * 
Asation aext fmagery {n mathematics, the role of the teacher, for inetance. | 
ft in the context of the conference, where both kinds were fiixtapowed, * 


the. “new" al raises ecm “ojd" tion, and thet “old” quretiong oo 
7 : can be illuminated by deliberately looking st than ip “new" ways. - 


The sain (rvited lectures were given by Leon dienkin (BexkeJey) on “fdngui- | « 
. Stic aspects of snthowatice arid mithemntica instruction” sud Alan Bisley 
{Cc idge) on “the social construction of weaning - a rig oy neha ale 
' went for sathematicn education?" Both speakers mute spit 
contributions throughout the conference. A panel of apeakacs discussed - * 
‘the impact of computers on undergraduate sathowation.  dotn Foland {Carleton} — 
outlined the conclusiona of a feport: beeed on seclier Study Grap dlscusslons; 


to clatm traditions? 


f mathomat icians 
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Or groups fo. : “ 
interest fo the 
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. a = Geddes (Waterloo) demonetrated the over of Maple softwere atxl ite effect. on 


y, reficet the ahove + | 

; ~Bonrd oF Bktication), Dale Drowt (W.8. Minkstry of PMucation) and Claude Gaulin 

! (taval), discussed. the goecek Crests of current curricuiie reforms in the 
DO, WN Brinewick and Quebec. fioth ponels contained 
excellent contributions that one would fot dave sented to curtail, yet both 

: . ran out of discussion time. This ws particularly unfortimate in’ the caee 
.* of the latter panel as‘it wae wcheckiled,on the teat worming, #o even infor! 
rles Verhitie ” - ‘ discussion at subsequent intervals sas pre-mpted, eo i 


tor. . . ‘ : .” 
a a ‘the S-hour (3x3) Working Groups played their veudl iaportant part is giving 
, ; - ‘coherence to the confensice. Met tlhe Bye few tpariere bromoet Vie dome 
: : always appear to. yield % tines se much aa a f-bour lecture) | they are re- 
: ganied by moet of the participants, as characterising a significant feature 
. Of the Study Group - an attitude to professional study that fncludes lear ° 
ing from each other as well as from experts, and that stresses that Finding 
2 » key questions fs aa ingortant ag paesing on. enewers. Corep A (logy avid the 
: ae sathewst tes curxiculua) was led by Dele Purnett andl BILE Higgineon (Queen's; . 
; ° Grows 8 (The ispact of research and technology on schoo} alynbes coericufal 
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Bay you Should know that ay own warking context is ig-teacter education, a 


@ aignificent new feseerch area for us in mathematice education, and the 
best way | can dda thia is to explain not agaly wet it is shout, but also 
how J camatoees ite valuo. Jhis talk wil) therefore be @ kind of journey 
tisrough some ideas and wil), # haope, convey gomething af ‘the flavour, ead 


elso the substance, of the new ares. : 


lowever, jn orders to halp you comprehend god evaluate what have to 
ot a University Department of Education, and you must also remesbes that, \, 
it de within the U.K. eyates. One Consequence. is ‘that 1 start. my research 
from the assumption thet the teacher is the most important agent in the whee 
whole edocat jana) enterprise. Huch of tha practice of teaching and-of 


‘ Leacher education in the U.K. is based on the idee of the "aut onomods, 


teaches’. ‘Thie Ydce is a myth, of course, in the sense that covery teaches - oN 
is subject to all kinde of pressures but it is a myth thet we value snd 

oreserve. Jem not concerned today with whether ar not this is ib qoudd or 

8 bad ayth, but TP owidd be happy ta egree for now that it hus its dangers as 


webb as ils bbessinmgs! 


4 ff ‘ a 
Hy peacarch interests have bbways been concenned with the ayvshedie: aul’ 


‘the complexities, of the wuthemsticn clesscooa - the contest in which 


teachers bry do acewslurate pupils dato the mathemaliciua’s wajs of wader. 


; gh anding the work. My research Philoeaghy is that of "constructive abter- 


nativisa!’ (Kelly, $955) which mews thet | look for alternative mayy of 

const culng wal interpreting Classroom phenomens in order tbat the: : ; 
ecculluration process con be achieved more successfully thon it . wl present. 
nw of the first atrands of this research to get developed concerned my work 
on teschers’ decision-making. ‘The teachers as a decision. maker! was a 


conception desiqned to catch the procasn whereby the lesciwr deals Ty the 


' many choices occurring Lath before aid during ‘heaching.» 1 was purbicularly 


jnberasted jn the echelons made during the classrgom interactions, now 
1 feloreed, to in the resoérch: bileteture an ‘interactive ec ds bene mak bri! 
(Shavelwon, $976). dt ise vary powerful construct in that it Finks the work 
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tm teachers! knowledge, idenligy ,: ettitudes, etc. wilh the sect 
‘ou teachers’ classroom behaviour, melhods, Jenguage etc. Various espects 
of ‘mathematics teachers! deci efon-mek ing were learnt (Bishop, 19760) and © 
for exaeple, dealing with puplis® 

misunderstandings and errors constitutes e lerge part of ® teachers 


activity but the dec 1 elon-mek ing construct forced me to attend to the 


many more ere wailing to be cred” 


percept ton of the errors and mleunderet andinge. 
by those researchers who study children’ a errors ine leboratory- like 

1 therefore looked at 
perrs (leecher perceived errors) end wee perliculerly interested in the 
teachers! strategies for deeling with these (Bishop, 1976b). This 


aleusphere avey from the interactive cleseroom. 


reseerch developed some very useful activities for teacher educetions for - 


example, ‘Sreeziig' « moment of decision in a 'video-tepe of ® lesson and 
analysing the choices and criterte open to the teacher. 
It is possible to Inject many constructs from paychologitel resesrch’ marects 
would olberwise seem vary remote From the clessroce. 
‘ “ : bal 
It ts also setislying to see thet thie construct hee been taken up 

in m very serious and lerge-scele manner by the Institute for Research on 
the whole work of the Inatitute is 
besed on the ‘teacher es thinker’ model aid the decision- -making construct 

is well embeckted Jin that model this conception recognises thy fact that 


leaching at Hichiqes Stage University. 


dhe lanks, ronstraints aad problems of teaching develop certnin cheracterist le 


ways of Stang in teachers, which clearly hes enormous implications for 
both inithel aid in-service teacher educstion (Clerk end Yinger, 1979), 


The second research strays developed frome Jong-stending Interest in 


visualisetion, aod once eqein ves concerned with the classroom situstion. 


My first attenthts were with different teaching methods and their interactinns 
wilh various aspects of spetiel ability, but I found both of these constructs 


(1.4. aod S.A.) to be rsther remote from the reel cleasroom. | therefore 


reworked both constructs, and changed ‘teaching methods’ to ‘sputist activittes’, 


s . 


“hide “spatial ability’ became ‘visual processing’. 


Seatly the move away From “methods! to 


content ae 1 became Incressingly uneasy about. 


: . 


| 10 es 
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in the cleseroom Bituetion, what fs significant ix the teacher's 


this te some times forgotten 


Into soch discussfon 


‘ectivitieg’ tm highly significant. 
The Iden of ‘leaching method’ crestes @ distinction between it and mathemetical 


‘Teaching mathad’ be elec 


) 


_@® researchers’ and nots teachers’ construct in that nu teacher cm 
possibly see the necessary range of teaching that @ researcher can, mud 
the teachers } vorked with were not happy either shout the me tland/e potent | 
"Spetiol activities’ on the olfier had Ditke ak better with 


content and seems to Fit more with leechers’ Ideas of tapetiing WTR onenghs 


dichot omy . 


it is elso cipebte of considereble extension beyond those idews (Bl atop, 
1976), 
ectivitien’ and this fe # notion which seversh reseattheres ere current ly 

expidring., for me, the notion of « wathenat ice? scttvity reletes to both 
topic and proceas, and is « unit of both method and curriculum. | 3 


§ 
It cen be esbedded in the more qenerel construct of ‘mathematical 


perticulerly velue its focus on wat the pupils ere (supposediy) enqaged 
in and it slsa eneblee us to enelysr activities by such things an Cyper 
(open, closed, practice, exploration, enalyeis etc.) Send group size (dole 
cisss, ome! gtoup, individuel). 
relevent, meeningsul spetiel ectivittes (Bichon, 1982) endgh can focus my 
student te ire’ attention on the Initietion, orgenisstion end control of 
those ectiviitias. 
activities, ie F think e very rich and faportent construct. 


) can concern myself with deviaind 


*Spetiel sctivities! . Os # och-set of methemel ical 


‘ ‘ 


the reworking of ‘spatiel ebility’ was made porsible by enelysing the 
distinction betwead the ability to Interpret Vigurel Information te. the 
knowledge, conventions and “vocehuldry” OF the many Fiqural foems we uae 
in mathenatice, end the ability for Visuel Processing (Rintop, 1795), 
spetiold ebility testine only really tests whet Focal If l aw Olltoys thet 
Je importent' in mathematics, 3 went pd to sre det YP could affer in the 
Clessroom context. 
their ebility for 
rot st ell.  Krutetakif's (1976) ‘qeometers’ certainty showed extreme 


preference for it. We know siso thet there exist dilferenceas between. 


w 


. 


Vhach 


For example, we know that individuals differ markedly in 


visuel processing, some preferring to de it « Jot and some 


individuel teacher preferences es well es belween those of individual pupils 


f 
eed we cam explore how this ability can be developed of how & person can be 


encouraged not tarely on it. 


and con elso relete to the use of enelogy a metaphor. 


puptl, 
Spetiel ectivitiee can elso be studied in teres of their vaiue in helping 


It Ligks with idens of Intultion end imagery, 


of perticuler interest fe how en can be shared betweon tessher mnt 
end thie fe where the usé of diagraes wri fi wes crabe so important. 
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title estecnedieetion of amegery eal the sharing of Cisuel dndesprpt ations. 


Limite fas wo alr pert bo pisy lace of course becdhuse auch immjery cunt 


"be saghes by qppropriute Dengueqe aid maeagiies Ckesit asd He siyer, 1980). » 
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’ While thape et Feasasch spega were eveloping 1 had become increasingly 
mwere Of the gigt between much research in mulhemalicu education and the 
ectuwd clessruce situation. ta ane paper (Biahop, 3980) ,1 concluded that, 
frum the palat at view of "moat theories of Jeasning, MMaysathomal ics ? 
¢ lasssuce with bla noisy alagaplere, with has multiple ob'jact ives, with ite 
fined- line leswune gui with ste stausphare ef mutual) evelustion, was nat 
jhe problea i could see 
08 @ isechers educators was that reasearch on the learning of euthamat ice? sue 
becoming aose and worse sophisticaied while clederocsa ware ecoaing are 
wd more of @ challenge to must teachers. 


e 


As a consequences many peuple were 
fewling thet Ine quelity of leesning - dec bining. 


—_ 
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nw 1 vas fot the onby peraan: te nutice this, of course, wd 1 could 
see diffarmnt daveb opeant 6 which were daw i grad to make the clasarooa 
situation ure controllable ‘and more “appropriate” fds leering es it was 
thowght 3¢ should be done, In the USA, wing to some extent elsenburs, vie 
develugmunt put mure wlforf into tie production of the ‘ideal’ textbouk. 
Much Lome, mney wri effort is invested an what some people wafairly telloi« 
liwee are carefully designed to mvoid sex wud 
pectu) bias, wed tu buald an mabivatocn, Feviawa, eramples, historical 
The studesat ‘os 
bent ad Che lemchss's tent interleave precisely and the fewcher by told 
exuct ly whet must be done. She thereby Toses her sublwrity ta the t 


putal ions, Check-tesls, spaced practice exercises etc. 


. 


text's 
wulhurs. Une cur dedecl io cemearch abeo « search FOE beswee Component s 
which can be pul logether to produce tie ‘ideal’ Jegmon (Cood aod Grouws, 
1979), de the UK. bow wy conn Fiend nae’ ldeus of bewcher trwinasy dominated 
by the nob fon of tie ‘malhemabicn bessun's Laason pions) is blressed, 
femsun comnts are mialysed, wid Sxercheee wre given in "Vemsansasng’ 


the curriculsa, 


¢ 


Pa 


A second muvs as control, classrooms pushing wes also devulupicky dn the | 
UW wl Sineidey 6. isa Was Bhe mauve Lowerde bendividuelised schemes (Like 
SHAE, awd KAP) mich built to sues extention the earbles reaeurch 


: 


on programmd ingiruction. towevars we heve well-documeobed evidence of 
the ways if which-such schemes ‘botedly Chane the beaches's robe fos 
inose of tasches, muthority, helper, to thuse of .adainistrator, marker, 


peper distributor (Horgan, 1977)., he danger here is thet the more 


edpbiaticeted the Sndividue)l materiele become, the more thay intervene 


4 
betwaay the tsacher and the pupil. Une teacher once agein loses her 


euthority to the anonymous pisces of paper. 


. q 
Hy own response to the chal Venge of the complexity of the classroom as 
pot to seek salvation in the textbook ful} of ideal lessons, nor in the - 
loneliness of the individualissd asterial, but to sack beller ways to under- 
atand the classsoum. 36 ia only complex because of our ignorance wad if we 
could understand it better, if we could interpret it more richly, then 
perhapa wa could lass ‘how to handle it better. 


third research effort which has occupied by ai@Pover Fecent years. 


this brings me to the 7 


1 refers to it os the social construction’ frome and like to distinguish 
it From ous’ more traditional) ‘mathesstics leeaon' frame mich, as 1 have 
elready indiceted, hes tended to dosinete our thinking about mathematics — \ 
atucation. . 
wider range of sessurch perapectives which hava been brougit to bear on the 


Tnis’ 'sociel construction’ conception has grow; aut of the 
Phenomenon of life in classrooms. Classroom alhnographers, socjobugrsts, 
those who stinly verbal interactions, Reachers’ decisions and pupal /tescher 
perceptions Nave Opened ous eyes to @ rich lepestry of classroom phenomena. 
We are Now, fos sxuaple, auch more awase of sapacts like teacher stres& 
pupils’ faur at muthemulics, of the effects of interpersonal perceptions, 
af pupil-papil interactions, af the powarful position of the tewschsr in 
the classsooe wid of pupibs' strategies for coping with thers relwtive 
powss bessness. 
“ “¢ 

Moat have been ablempting to da iu to pull oul frum thes reseurches 
nmiiat | feel ose the more significant aspects for us in mulhematice Siicurvens, 

Fundsmuntal ta our ube ratending of malhemal ice Classrooms as the: fact 
Chet One $8 dealing with people, It may seem triviel to kay this but the 
fect cu essily be overlooked when discussing details of lesson ciponents, 


for example, of pupil wbility, or motivation, ar any others paychologicul 
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a 
or ‘mothemalical coontruct, it da-froe, of course, that the cloasce 
beioa part of an institution, inatitutionslises the pele cae : 
each classroom ee fe eti}) 8 unique combination of people - it has its 
om identity, its own stmosphere, 


Pleseures and ‘tts own crises. 
* 


its own significant evants, its ow 
Ae a. result, it hes ite ow npatory crested 
and remembered” by the people in the group. 


by, shared between, 


; A corollary which is of atop ittenics to the teacher ia that nb 
individudl person in the classroom group crestes ter own unique construction 
of the rest of Ae ierticinsnts of their gosls, of the interactions hatween 
herself and the others and of stl the events, tasks, mathematical contents 

ss. children's abilities, 

matheastical meaning, Yeacher's knowledge, rules of behaviour, do not 

exigt as objective facts but ere the individual products of- each person's 


construction, 


which occur in the classroom. Such ‘objects' 


Recognition of this socis) construction of phenomena leads me to propose 


Bnew orfentation for mathenstice education. 


nattee classroom teaching as eenbead ine the organisation and dynamics of 


thie arientation views mathe- 


fhe classroom for the purposes of sharing and developing mathematical meaning. 


This orientation hes the following festures: 


1 ‘it puts the teacher in relation to the whole classroom group, 
2 it emphasises the dynamic ant Interactive nature of teaching, 
Y it assumes the interpersonal nature of teething, id, that Ube teacher 


is working with learners not merajy encouraging learning, 

& it recognises the ‘shared’ ides of knowing ond know ledge, reflecting 
the importance ‘of both content end context, 

5 it tekes into sccount the pupil's existing knowledge, sbilittes 
end feelings, emliesising s development el tather then s Jsarning 
theoretical eppraach, 


6 it emphasises developing mathematical seaning as the genersl sia 


of mathematics teaching, including beth cognitive end affective goss, 
? Ut recognises the exigtence of many methods snd classrooms orgeninaat ions, 
i.e. it doesggot by definition exclude any meathodolggical techniques “ 
already estoblished, R . 
8 it is @ conception which permits development of the feschar through 


initieol teacher trabning ond heyond. 


= a 


' 


‘ Central to this view of classroom teaching is the ides pf mathematical: 
meaning - siotion wich shoubd perbaps he clarified at this point. hat 
1 om = seeking to emphasize in the personal nature of the meaning of any 
new mathematical ides. A new ides Ae meaningful to the extent thet it 
makes connect lena with the individual's, prasent knowledge. 
with the individual's knowletige of other topics and ideas in methenal ics 

but it can siso connect with knowledge of other subjects outside : ‘ 
wethematics. It may wel] relste to tmagery, analogy and metaphor, but 

these comect jons will be of # different type. 
of another mathematical ides (becsuse thet is the neture of methematicg and 
Finally, end erguat}y most 
importently, it cen connect with the individual's kiowledge of real 


It can comect 


The ides ‘can be en exmale 


may well generate examples of ite ow. 
world: * 
Situations. It is, obvious therefore that ‘no tro pants willl have the seme : 
sets of comect lone and) meanings , and in particuler ‘teacher and learner 

will heave ‘very different meanings sssocisted with mathematics. the " 
teacher-will ‘know’ the idassshe ie tesching in teams of the connections they 
make with the rast of her mathemsticel knowladge. fhe learner however 

fe the ‘meaning meker' (Postmen and Weingartner, 1971) in the educat fone! 
enterprise ond must establish the connections between the new ides pod her 
sxisting knowledge, {If the ides is to be learnt meaningfully. Ags Thom 
(1973) asye “the reef probles wich confronts mathematics teaching is not 
that of riqour, but the problem of the development of meening, of the 


existence of mathematical ‘ob jects". The educational qoal we are coocermed 


with here then, is thet of sharing, end developing, mathematical meaning. 


this conception har enabled me to’ focus my enslysis on three fucsteherst of 
sepects: ~~! , . 
mathematica! activities - chosen to emphasise the learner's involvement 
with mathematics rather than the teacher's. 
presentation -of content, 


ae 
communicat fon - chosen to emphasise the process eod product 


é of shared meanings, f 
negotistion ‘ - chosen to_emphanise the non-symertry of the 
x | teecher/pupii telstionship in the deve hapment of | 
sheared meanings. . 
c * 
. . 15 
. 


ae? 


ee 


o. 
ERIC 


ory mone | wduat tiw pupiie’ activity wild be in ‘claus. 


put ‘te pupii'a activily at Che cenira of the teachers’ concerns. 


botuve elremdy shiastreted the Importance of the idee Of muliwmulicn) 
activation but « faw moghe eur sass ‘are imceatasy Here. it is Siguibicunt 
for thw tasches's pre-cleas decisions bn. dhat the tescher na Jonger thinks 
af Row abe wid) present content during thd class bul rather she mint make 


the Widacticel canvass son from salheseticel content and know} edye to : 


metlomatical activities eubteble furs the pupila. In the * we stil) 
‘think’ tog ares about content, knowledge end mathenst iced” topics .and not 
A Tocus onto 


mathemat icud sctiVities fur the $is can iaprove that situation aid Cas 


vv 


w Mut analy dues this attack prmiuvs decisions but it iso affects thw 
leaching is, ona result, more 


lencher* J dirderactive ductal on-making. : 
Organisation and eaptoilation of 


sewers with tiw initiation, control, 
the pugsgle’ act bvitys lwre is sure~al p'dynenic, ques “Growth, . feeling 
dn the chasse uum then of a Compas tact ghised dist of Fay knowledge of 
shidly to be tought frum nothing, snd to be Cinkehed “lt a sat timc. 

: eo 
“mathomaticul uctivity™ aukos us eben fo's s 


n 


“Alber mapect mich 
Colluburativa working. Pupida velooviisharulive wurking but mathematics 
teachers in thy UK tive um mmbival ent git tude towards it - moyf scum to 
prefer pupils bo work on there ows but will say Ubiage such as “you Cun work. 
with your Prsend bf you don't muke tuo much mose"t do fact aa uk @athomal ice 
Chesstouas Uaere wilh axisl much collsborative bewsoing but mont of at will 
be covert and offen ‘ablegel’ instead of being deliberately planned and 
eso aged by teachers. BF onby me could davatop sore small} grag malhe - 
matical activilise fur pupils the leachers could be encuurayed to bake « more 
positive abd thus boner de) col fabur ative a sulmedepeinient work 144) Chan they 
hi at present. . 


, 
Comenieuk bon be Del wm new Comelruct ih educat jon but faomy view at has 
dea Bera) add atiady aed oF wcliveated within aalimeuticn athicubion. da \ 


Spnecul, in ss MK, malbemsticu classrooms are placue were yuu du mubia- - 


isis iat anya you Communicule os discuny Bathamabicel Moesiiege. Munising 
ad wade rab ahd roy are shout the comment kine One haw bellman ideas - @ now 


fos wht) be memingful for a papid to the extent to which §8 comects wel} 


’ 
¥ 


wath the pupil's existing ideas and manna siggy. 
' matics classroce is therefare' concerned with sharing muticmaticg) meanings 


A 
about pupils’ snalogies, metaphors, contexts, examples, ste. 


‘ ; 5 


10 | _s  « 


Cosmsunicetion jee mathe- 
and comections. We can only share idess by exposing them, and ‘talk’ Is 
Clauriy « must iaportunt vehicle for exposing comections. 
are sysbolisa, uses of diagrams fer conveying imegos, axumples frre 
‘different contexts, “snulogies end mataphors, and written accounts and 
descriptions. these we know relatively more ubout (symbols, 
definitions...) others™ we know relatively less 
foMbents). Horeovar if we add into the Construct of communigution the 
Uinension of sparing, then the thras-way process, fram the puph) to teacher 
aa wal) as teaches to pupil and pupil to pupil, ahows us, how ygnorant we ere . 
and ‘about Nave 


Also important 


Some 
i Ciwicgies, meluphogs, -  #, 


Of enabling these to be exposed and ehared. For exuple, activities can ; « 
be developed.which ancourage snd legitimise this exposition and sharing,” 

such as investigations which Involve creating gyebolisa,’ Or projects which 
drew on knowledges of the pupils savironment, he! discussions of mathematical 
ideas and the je dingrasmad pralcgies (mumber lines stc.). 
studies have shina us that in ckassroome it is the tescher moo docs most 
talking. 


Puphds can be encouraged to teke more part in the sharin) of mathematica) 


Several research \ 
boat I ahuuld like to see are dovelopments wich slow leuchers [ptere) 
aaansiy. 


I think ‘that exploiting, ne ideas of two-way and thise way 


Comunicabion could be a profitable way (drward. FI 
tf 


’ 


Tf Communicution ao about Sharing meanings then fegotiation is soul 
developing meanings. Without wishing to suggest that the teacher is Une 
wethur ity fur malhemwtics in the Classroom, it a8 the case thal lie teacher 
is given authority end power by thesaciely for the specific education uf 
her pupils. This wuthorily means that the tescher tas certain gouls ond 
intentions for the pupada wud these webb be differsnt Crue ane pupils! quale 
and intentions in tin: Classroom, Ne dation is gow l- divected Interaction, 
in uch the perticipants seek tg attain theirs respective yuuls, 


indlude sn this idee the working out of « “modus vivends” 


We con 


tn the clhussipoum 


. dee. the cules of procedure, discipline Sand behaviour mich teachers already . 


karow much mbuut. Wiel the Conatruct of ne gotiat ion wlaw offers in wt adey 
Of “mudus schendi", « way of knowing, which ia wal the teacher iw kryiny to : 


Gevelopby the use of hear om, neceusarily richer, 
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mulbematicul Kinowbecke: acc : « 


te f 


uncderstemding. 
power impedance implicit in Yhe teeching/lesrning ralstionship but it 
desct ites: At in euch a way thet we can see elternatiyes to the mere 


this covatruct then epecificelly catches the necesasry 


Imposition of knowledge from the powerful teacher. 


4 
Moat it thersfore forces use to do ie to consider how to encour age 

teachers to use their power not to impose their knowledge on the pupils. 
It makes us Phiok more about how teachers can encourage the negot istion 
process, how teachers cam encourage pupils to pisy ) greeter part in the » 4 
development of their ow mathematical meanings, how teachers can recognise | 
more positively the pupils’ tontext and goal structure, sod how tedchers 
might evaluate better the meelsyment of meanings. 


In Sane Waid then, may I suggest “thet this teocisl construct jon! 
conception ang the three constructs, ‘activities, ‘communication’ sed 
negotiation’, offer & many Fich avenues to explore in research. Like any 

construct, they recast whet we know ebout and direct us to whet we need © 
te know about. 


the following: 


I would, ae ‘e result, particularly urge more attention to 
- the development of activities, ‘pert icuterly those which exploit the 
pupile' context, and those sul Ip for amall group work, 


the analysis of ‘oe ps between activities and mathematical 
topics, yt) 


- studies of teachers’ interactive pe lsions with pupils angaged in‘wtivilies 
“ of different types, 

- studies df teachers’ techniques to encoursge sharing of metnematscet 

meanings, ' 

- the analysis, from the ‘sieving? perapective, of pupil-pupil discussions, 

studies of the procesa whereby visual imagery can be shared, - 

the analysis of teachers’ decision-making concatning mathematicel suthority, 

- the soslysis of teachers’ stretogies which permit negotistion, 


~ the development of methode of svelualing the development of meaning. 


1Z % - -_ 
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The description of the working group read: - 


- ; 
The computer language Logo and its underlying educational philosophy, 
eloped at the Massachusetts Institute of Technology over the past 


fifteen years shows signs of being one of the most popular pleces of 


_ educational software of the 1980's. The developmental history of Logo 


” has been such that the Ume perfod between very limited accessibility 


(1968 - 1982) and widespread accessibility (1983 - ) has been quite 
short. A major intptication of this is that mathematics educators have 
had little Ume to consider a number of important questions. 


It is the purpose of this Working group to provide a forum for the 
discussion of these questions. Issues to be considered will include 
problem-solving in a Logo context, the influence on school curricula 
and Logo investigations. It will be assumed that participants will 

> . have some rudimentary knowledge of Logo. 


Working Group Leaders: J.D. Burnett and W.C. Higginson 


~ 


' 


\ ’ 


Some fourteen members of the Study Group focussed thelr attenticn on 


these and related questions overs three, three-hour, perfods during the | 
1984 meeting. The initial session was given over to an examination and 
discussion of a wide range of resource materipis and the sharing of diverse 


experiences which had arisen out of participants’ research and teaching 


activities with Logo Following this session one of the 
summarized some of the questions which had arisen: 


1) What do we mean when we say Logo? Is there 
Ture Geometry and Logo philosophy? 


s 


~ 


participants (J. Clark) 


oC between 
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, f How do Logo Philosophy and Ture Geometry support existing 
ele 


© 


1 < : 


lenlary and secondary mathematics curricula? de 


4 


- 3) Other than that which relates to mathematics, whal can students 
Jeaga from Turtle Geometry? : , 


4) When and how should Logo be introduced into classrooms? 
° + ? bd 
5) What are some models for classroom implementation which\eal 
With lime, space student access, etc-? 


6) As a device for learning mathematics, why is Logo superior to other 
teaching devices (such as ggoboards and patlern blocks)? | 

7) Is it important for children to learn programming? If so, when and 
how should it be taught? - P, . - 


t 


8) What are the advantages of Logo as a programming language? 


9) What is the role of the teacher in the child's Logo environment? 


€ “ s 
10) Is there some connection between debugging and how students view ( 
errors in general? : ; 


¥ 
“ ~ 


11) What are other “objects to think with’ like Turse Geometry? (See 
Miudstorms page I} and page 122)? 


In the second and Uhird sessions the majority of Ume was given over to the 


“exploration and discussion of a-number of Logo investigations Two of these 


“were Dale Burnett's Turtle Billiards” microworld and Gary 


ERIC 24 


ling’s 
Transformation” investigation The latter was Posed in the form 
a 


Using only the Logo primitives FD, BK, RT and LT, write a 
small procedure (6 - 10 instructions) that will draw a smalj 
‘doodle’ an the screen. 

Investigale Ute“elfects of ‘carrying out various Lransformations 
on this procedure , 


The group found that activities of this sort generated Significant 
mathematical questions extremely quickly It was felt, however, that 
teachers without. substantial mathematical training would Probably ‘not 
Fecognize ail of Une potential of these situations. Commenting on the 
Problem stated above, for example, Gary Flewelling wrote: 


* 
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; ’ 
Here many teachers would have to be givei a sample of 
possible avenues of inquiry, for example, reverse the FD's 
and BK’s, or reyerse all the LT's and RTs, of reverse the 
order of the procedure, or replace all FD's and BK’s with 
the procedure itself, or... 


Teachers might also have to be told the task’s target audience 
In this example, the task is appropriate for Junior, integmediate, ? 


Senior and Post-Secondary students. F 


Teachers will also haye to be shown the links between the - 
various lines of inquiry and the Mathematics curficulum — 
they are trying to implement. In this example, various 
investigations link to such topics as transformation geometry, 
algebra, group theory and combinatorics. 


Six conclusions arrived at by the working group near the end of ils 


deliberations were: ‘9 , 


‘ 


1) Logo, not linked more strongly to existing school programmes, 
runs the risk of becoming trivialized. 


2) Logo deserves to be integrated into school math programmes 


3) Logo is a tool that can be used by teachers to help them - 
; Implement their mathematics curriculum 


4) Teachers need proof of the two previous points 


5) Proof is particularly needed in the form of student tasks 
4 which jilustrate these two contentiotis 


6) Samples of such tasks need to Be developed and delivered 
to teachers. ‘ 


The tasks shows satisfy many of the following criteria 


1) Can be used by students with a variely of ialerests and abilities 


lines of inquiry. 


20 


2) Allow for a number of 


i 


_ Further discussion about the nature of these Logo tasks led to the following 
consensus 


a: . —_ - 


: ; 20 
3) Can be returned to again and again through the schoolyear 


, ys . 4) Can be utilized through | the grades at varying levels of | | oes - 8 P 
to a—pneunetoe . 


my . —_ e : < =~ 
on 5) Has Hinks to the mathematics curriculum . P 
5) Contains an element of choice Areedom/modifiability for x a 
both id teacher and the student. 


WORKING GROUP B 


bal 


eo) May require the ‘student to construct various Procedures 
‘ ad carry out related investigations. , 


oe , = - _ 
A May have to be Payampanies b sPywritten procedures. THE IMPACT OF RESEARCH AND TECHNOLOGY ON 
A SCHOOL ALGEBRA A CURRICULA 


9) Invites the cooperative effort of more 
: 2 ae “tary: Flewelling (Mathematics Consultant, Wellingtgn County Board of & 
at , Education, 500 Victoria Road North, Guelph, OntsriAN IE 6K2) volunteered : 
3) to coordinate a ‘task’ force to generate a collection of such tasks. 


. 


“ Participants in the working group: J. Bergeron, D. Burnett, ) Clark, 
7 are _ G Flewelling, W. Higginson, J. Hille!, B. Hodgson, H. Hough, R. McGee, 
| os A. cond M., Rahim, P. Rogers, P. Taylor, E. ag % > 
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“ Reporting fos and using idews contribuce 
David Alexunder, Dale Drost, Gila Hanna, 


21 


= 


‘ 


CANADIAN MATHEMATICS EDUCATION STUDY GRouRP 
dune 1984 meeting (HaTERLOO) 
REPORT OF WORKING Group (B) =~ 


Globa) Approach’s 


eo 


¢ 


A report vof tho working group oa 


Computers and Algebra 


by 


- Carolyn 
“und 


Kieran 


Thomas Kileron* 


4 


Dave Kirshner, 


Andsd Ladouc our ana John iv 


Nich HeTscavics, 
oland. 
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des sth ad thas yfoup Can he chasacterized by whial we Coosedered, 4 / 


a 


DIN perhags bess by the proposed fdeas and followup wark which ¢ aa asa 
na 


td . . 


feaction to the material considered, Finally the work of the group con be 


focussed by extensions whlch we did aot have time bo consider aid by material 


and diractions which we deliberately chose not to follow. 


Beck ground ." 


\ 


é 


. 


As background {Qo Ours work members of the group brought the (Blowing * 


iS hinds gf concerns : 


a A Mm : 
< “ ee 3 th quis da we wagt ia school Algebra in § - 10 years? What distortions 


do by the working group; 
hugs Jatisson, 


_wDD the use of micros cause In algebra?’ 


What will be the effect of maw technologies tn @loebraic symbal mani - 


pulation and its meaning? ; . - 


What laplicsiions do computer related thinking, Nesrning and knowledge 
building eheorles (eg. Al) have for algebra) 


» 
What affecst will the computer aprer lence backgrounds of students nee 


a 
. 


for teaching algebra to them! — 

Wrat kinds of sofiwars and cosutes uses will help, in aluebraic concept 
developmanes tow can this be assessed? 

Can computers be ysed to ametlorale studesrt reatniag difficulties? 

How can this he studted in atyebral : 

There Is high ponered software which "dues algebra’. 

How dues one learn so use bel 


thw ducs gos teach bis use? 


/ | 


4 * sv 
4 The group specially comacnded Carolyn Kieran whose extra efforts in providigg | 
a e ‘ 


the fteahaloal set-up made miny of our considerations possible, 


; 2g 


re 


ware, oral 
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Iam akery EC dapinge ov what is cur senthy taught In algebra? |” 


: What vught to be taught? 
. r 


- How dows one teach teachers about ‘coaputers for teaching algebral 


“What is the interaction aauone human algehralc knowledge bullding tools 


Materials 


ae 
The working group considered four kinds ok materials: 


this phenornena? 


algebraic qames on a computer and programaling? How does one. study 


Measure jis effect? 


Considered 


Documents, soft- 


° 
reports aod site visits. F 


The aroup considered a number of documents.-« 


by all were: 


) 


- fev, J Report of a 


. fed.) Computing and Meshanel les) 
— oe 


1982 conference. NCIN, 1988. 


- Slume, GW. A review of research on the effects of c 
Ie A paper Fro the New 


programming In mathematical oroblem solving. 


Orbeans AERA meeting, 198k.- 


We also had avallable a small libeary Of text materials using a 


in school algebra from 1969 - 1984, ' 


The group towether reviewed some sleces of relevant software, In 
earticular Algebra Arcade and My Kath. 
Gigup mimbers provided oral reports particularly one by Alexander on 
Ve In aluebra curriculue In Ontario and lis relationship 

to > computer applications and one by Kleren reylewing his ace Watfleld's 
( fesearch of the fare 1960's. : v 

The group visited Project MAPLE In the Computing Scleate Deinartmans 
of the University of Naterlao. 


Included was 2 demonstration of the algebrale capablilties of MAPLE. 


3000, 


studled and discussed 
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a 


Grove de Viberations , 


' 


As suquested by the thile of “this repoet, consideration of the abu 


malerlals secaed to Stimulate discussion of mure globat mproaches to school . 
algebra. These global approaches scemed mediated iy whole-graghle approaches - | 
to the atudy of famiites of algebraic objects, by the. use of the: Janguage of 
powerful blgckivale comul ing programs and through the use. at sieetuied: pro- 


Graening languages. i ig 


Algebralc Cows . 7 : “ . 


As an opening éxercise the group looked at the game Algebroids from the 


software Algebra Arcade... In this gam 2 person Is Presented with a number 


a r : % 


closed figures cabled “algebroids” on a coordinate plane. the object of the 


game Is to use algebraic expressions to generate graphs which "hit" the alge- 


brotds. Since hi gher polny values are marded for Nitting more than one 


algebrokg with one graph (without hitting a “monster or destonated negative 


‘caglon), the player Is encouraged to use other than linear graphs . A graph 


fangth Imitation keeps one From using curves which would more of less cover & 


the screen (eg. f(x) « 100 sin 00x). There was samiform positive reaction 


“- 


to this game by grou members both In terms of playing and In terms of poten- 


thal for use In secondary schoo! methematics. This game and its uses tended to 


dominate the group's discussion throughout Its sessions. 


A Sheet question arising questioned mhether this game fncussed On anatysis 
. a 
the aroup consensus 


rather than algebra. Although It has analytic features, 


a 


was thet It alded in the teaching of the! properties oY families of curves and 


particularly on the effects of alnebralc’ transformetlongs on notation (related 
BS ‘ 


to graphical transformations on the screen). 


« : : ° . | =< | ue 
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. ; , 
lw Hog wed te dee diate Pewssodny begedian. One sas the sneod ae - ft wos awestioned whether ove coutd Took alo operators os BD ames Piven 
white one coutd prinbice fad fwsoe fulby- ite (mia ps eesin strewn Pur comgt sans) tioas without ren ee about states oF objects Leas fasta. P 
wat jes re oe uf 2 family. (ug. Sinear sickle y " ane b). cidien - Allssnative curriculum sequences were discussed. One such eaperi- 
fmitias (y+ an eb, y = a asi oa, yt ans p) oie aatiaretdne within 7 ’ mantal sequence constructed was as follows. ; 
: fm ties “ty ea” PB, y * ala - a)? tp). Thus one's Imayluation tavern . 1. In grades K - © graphing experiences using points and-inter- 
‘ : use would he supported by rapidly soe lupad elated Images. Ihe Secund bened lt pretinn araphs would be lalroticed and developed.” . 
‘yelates in ie "games"! pienamsna. he work of Malone om qualities of video a th. “Algebroids” or a tike game could be use@ to introduce a family 
gisas and of botius ad hofius on the paychology of playing such Qumcs was of functions and the manipulation of related expressions and 
discussed. thus thare seamed to be two Impacts - aa cigs on families of ¢ : equations; 9. for what values of bi dees an expression of the : 
elyebralc Papas ions as opposed to siaghe manipulations aad the motivational , "form 3x + hb hie an algebroid centred at (2,7)1 
. whlect. of ieiatiag bmayes to algebraic expressions (perhaps making thelr mani- 11. a) An alternate “algebroid! sequence’ mouta consider the family 
‘ . 
bulation and study mose imtultive and object related). . ; yt @ tat ob Pakase in slic famtites lu is easier lo see the 
The most sigaiticane thesis that aipse from the group et Geravion ean effects of abl parameter manipulation and such graphs can hit 
best be seen in curricubum/research questions. : 7 more “algebsoids” af once - hence are milvating. Zz . 
, ‘ . . . 
Is it mecessary lo have aa atomic understanding of the functiuns Hil. The study of graphs as going seis would follow the study of ; 
to play the gam? Should we nese: take this sore global approach | Samilles of exapressions/graphs. ta the game context this would 
to leaching about algebraic objects such as Tinear, quadratic or be done by reducing the “algebroids'\g0 single polot locations 
eapooential expressions? Bues one need to learn ordered pals ideas Necessitating the consideration of- une as sets af eres 
at all to study thls material? is a different sequence of bast ruction the group consi dered re teacher education necessary for such a Changed sequence 
iu schoat nities (say In the SIWeRr ate aspects of arades i it} and emphasis. if was noted that such an approach would alm at many af the 
= “Sangge sted? : currents objectives of high school “algebra, but the objectives and activities 
hese Qeertlous and scactlons 0 them dcabaatad the group's discussions. would be dramaticably different hice @ teacher and classroom organization palat 
Suse interesting polots were as follows ) . of view. -- 
. ' ‘ 


the global approach through the manipulation of eapresstans and 
"Algebraic Computers 
generation of retaied graphs seems muse Intubtive Shae the ordered 


Ipe group saw a denonstration of the very powerful HAPLE manipulation 


pair first cayhasis. 
System which Is aimed a4 being usable In the next aeneration uf micro coapulers, 


. 


“the grow also used the current by avallable Mu Math system. This laticr System 
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is Show rn deiag cestaia thads of secursive atachralc Computations because of 
its Line wrocessiog Character. Stl the arquo saw a nusher of implications 
aud questions fur school algebra arising From algebraic calculator use. 
1, ots a call for-+renewed eaphasis on alaebrals manipulation In our 
curriculum obsolete? What ts the role of such fearning now? 
; : 
‘ v : F 
2. With the use of algebraic calculators comes the need to introduce 
anew notation system fos algebraic expressions; will this notation 
became standardized? 
J. Since the algebrate calculator can generate correct sentences, there 


will be an increased need to study sets of vengences and look for 


Thus as with graphic capabilities, the 


t 


» patterns or oroperties. 
algebrale calculator sponsors the study ‘of the global. 


4. Might more new algebrate topics (eg. matrices) be Introduced or 


7% 
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2. Can we aise “‘Abgebroids’ as a testing device? 


> | > 
- Ghyen a graph give expression, = 


y 


i - Gtven expression give graph. « : , 2 
- Can we use sac a ee In this 
effort leg. GHAICH at the Univ. of Alberta)? 

4. tn what ways Is the use of a global approach to alyebralc expressions . 
through “algebvoids'! Intul Uvg. How ean such ioe. be related toa ‘ 
theory uf mathematical knowledge bul lding? 

Can ove generate evidence of know! edge-bul ding from intultion in 
alochivate novices feg. Gr. 9 students) and more expert students id 
Gr. 42 ‘adeux studying conics) as they use tools and games such > 


as "Algebr olds’? \ . 


Our group hopes to be able we a continuation sesston at neat year's 
wo 


introduced earlter Into the curricul us? x . 
& maeting to share results of this whit one another and with CMESG/SCE DM 
. a? . 

Follow up activities | : at Jarge. 
; ; : 

! | 

Tne: SPOOR, becnbse of Hts Interest in the effects of algebraic none MOTE: $. The group does not see much use for computer-aided practice in 

4 . 


set some goals for study during the year. With respect to a game like Algebroids 


_ the following research was proposed: ’ 


1. Can we develoo and test a sequence of Instruction Incorporating 
“Vbgebrotds"? This question will be studied In a Sarge curriculum 
sense (where does such activity flt Into the algebra curriculum?) 
wd the snecific sense {uhat ts an approortate: sequence using Al gebroids 
to study s particular family of expressions, say quadratics?). 

2. Hem would one modify the “Rigebroig? program to enhance laarning? 


There Is currently @ practtee screen. Could Its use be improved by 


allowing graphs to stay on? be In different colours? Could more 


4 
taformation about avallable expressions and manipulations be built 


into the game} 


of 


’ 


algebraic manipulation. Thus, there was Vimited study of any such 


curriculum materials. 


na 


The group did not consider bmage-related games which might be 


related to teaching algebraic structures such as groups. This is 


~ 

an obvious update of the work of Qjenes In the 1960's. Such 

computer graphical/symbolic use could also be used at a we ° 
; . d 

advanced level lo provide background for the study of varlous 


.types of groups or other algebraic stfuctures. Such study would 


be an extension of the work proposed above; 
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MATHEMATICS AND EPJ STEMOLOGY 


LEADERS: MAURICE BELANGER ~~ 
, DAVID WHEELER 


{ 
‘ : Working Group C:. Mathematics and fpistemplogy at 
. ‘ . awNne: 
: In the first session the. group attempted various partial, descr ip- 
tions of epistamplogy, and than worked for a while on the episteso- 
WORK ING GROUP C ; ‘ logiqal foundations of subtraction (in order to compare tieir analysis 
ee with one by Gérard Vergnaud in his article, “Cognitive and develop- 
: mantal peychology and research in mathematics education:  sGae 
; theoretical and methods 2 iasuse”). in his article : 
PIS 06 Vergnad makes efor ote son the basis 2 ae that students 
EMO EMA at school have to solve, the group began with a sodel; “Given sam. 
J ’ AND AT TICS : objects, resove some, how many are left?’ The ‘dinitations of this 
6 knowledge anda] were soon apparent: it is clear that to “know sub- 
traction” involves knowing moce than a single model offers. After 
the coffee break the group looked at some earch ts concemed 
with students’ arithmetical errore - the fon being that the 
researcher {oc the teacher) must try to reconstruct what is in the 
child's head, i.e. the child's knowladge. A‘rathar loose excursion 


through the landscape of bugs, debugging and feedback fol lowad. i: 


The discussion in the second session was launched by reading tw 
articles - Alan Schoenfeld, “Metacognitive and a ae 

issues in mathematical understanding", and Cala Gattegn, "Curricu- 
lua and epistesslogy". Schoanfeld'a papex raised sharply the question 
of “relative epistewlogies: do we all have the'sam: epistamwlogy? 
do students and teachers share tha same epistesplogy? ‘The Piaget 
story suggests that epistawology is evolutionary in the individual. _ 
Gatteygno's paper, while not shadding much light on tha nature of 
“@pistemology (in a holistic sense), gave sane ea ie ee 


, wae 


\ 4 aks -<s 


into the various sourpes of epistewlogical information t can be 
tapped. . - 

In the third session the group attenpted to formulate same research 
questions. ‘ . 


4 


lL. What are- teachers’ and students’ implicit apistemployicasl beliefs 
‘ about mathematics? How do they conpare with esch-other and with 
mathesaticians' epistawlogical beliefs? 


2. Make a didstical-epistemological study of various elenentary 
o wathqaatical topics, sing as entry point the distinction be-* 
: tween signifier and signified. 


—_——- 3. Compare the epistawlogical questions raised by the history 
[ of mathematics with those raised bY the development of mathe- 
satics in the individual. 


4. Generate a taxonowy of epistemplogical assumptions that could 
R be applied tp the analysis of mathematical textbooks. 


5. Study the epistemology of the individual, @.g. how does anyones 
@ i Sérive gengral kiewledge from particular instances, or parti- 
ERIC cular kaowledje frog general principles? ~ 
poss . , , 


360 
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6. What is Ua: epistanvlogical significance of a au rently fashion- Matlxmatical epistemology stulies mathanitical science in order 


able SSpic: the representation Of knowledge? to determine or to elucidate its logical origins, its value and its 
; importance.‘ It is a bridge between mithanaitics and hi losaphy and 
The group Locam: aware that their discussions were difficult and of great relevance to the mathematics éducstor, since if informs him 
‘ not making obviously significant discoveries. The feeling was express- about the nature of mathenatical knowledge, the content of matho- 
ed that much more work in this\field has been done by e.g. Franch matics teaching and learning. ; 
mathematics educators, inf! by Bachelard, and that one obvious _ ; 
- Step would be to find out more of what they have achieved and are | Ganetie-Spistemology, created by Jaan Piaget, who is also its most 
: work ing on, i important representative up to now, studies the emergence and the 
. ; a evolution of mathematical notions and conceptual contexts in the 
. Ths appended statemonts were volunteered by mambers of the group, individual (in particular in the child) and it is intended to ex- 
| - Plain and to rationalize the individual's behaviour in situations. 
\ Raffaella Borasi where such notions Swerge or can be applied. This domain is of 
. j , ‘ particular relevance to the mathawatics @ducator since it informs 
* Although the title of | working group focussed on the sori “epistemw- . him about developasntal processes and their post isportant vari- 
logy", we desperately tried in the course. of all three session to ables, processes he wants to stimulate, accelerate or direct. 
“define” such a tem, Looking back, I realize now that this specific 
objective could have made us overlook some very interesting outcomes « Fpistamlogy of mathewatics education studies Processes and : 
of our discussion. We may not. have reached an agreanent over a methods, to obtain and to validate knowledge in mathavatics educ- 
oy “rigorous” or even satisfactory definition of epistemology: (what a ation. Its results are of importance to the mathematics educator 
~ disappointment for a group of mathematicians!) ,; but I think «es con- since they inform him about the validity of his methods and the 


tributed to identify same important elements and questions conceming relevance of his results. 
mathematics education research. : : 
While the distinction between these three domains is crucial for a 


“N id r 
I will try briefly to list sows of them: : . clear and systematic discussion of the theme, anly the synthesis of 
- What is the studant's/the child's/the mathamatician's/the math. ad. ‘ all three aspects indicates the importance and the scope of the 
~ P researcher's/ conosption of mathematics? epistemological approach in mathanatics education, 
~ What does it maan “to know” something? = : : r. 
~ how do we “get to know", what is the “knowing process” in the child/ 
the mathematician/the math ed researcher? Brock Rachar = 
‘ ~ how can we evaluate our methoddlogies and results in mathematics 
educat inn? ed As individuals, We Seam to have some sense of the point at which we 
: j~ A@at is the child's/the mathanstician’s/the math ed researcher's‘ know that something is the case. We may even be able to identify 
‘ systom of beliefs about how we get to know in mathematics, how wé , how we know, : 
“do” mathematics? , ; 
~ for each of the previous points we might have to distinguish whether The how may be based on inductive experience or a kind of gestalt 
“are speaking. about mathanatics in general or a specific math Perception, or it may be derived deductively from previous knowns - 
tapic or concept ; : by an acquired system of logic. : 
~ in, what sense can we talk of “the mathematician's"/*the child's" , 
epistemology (or more specifically, conceptions, system of beliefs, We are also aware that different individuals may come to the state 
etc.}, rather than a specific person's epistemology? of knowing that samething is the case without the how of the know- 
‘ ing coinciding. a 
Dieter Lunkenbein i . This latter observation has decided implications for curriculum. 
ima a , As mathematics educators we should have available differant strate— 
Threg damains of epistemplogy seam to be of importance in the di scuss ion gies for enabling the learning of the knowing of something. As 
of the theme: mathematical epistemology, genetic epistemology _ teacher educators we should looking at those approaches that 
and epistemlogy of mathematics education. It is crucial to separate are most likely to be ul and most likely to be free of bet ting 
* these three domains in order to avoid fundamental mi suncder standings. up erroneous conclusions. The settings we use for invest igat ing 
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Numbers as even numbers, and the sam ninber of points in 
a unit myuare as points on a line segaant, = 

50 now it is intuitively “clear” that what sere thought to 
be different infinities ars not. So, intuitively, all 
infinities are opiivalent. 

But no! fox Cantor's diagonal procedum show that there . 
are differnt orders of infinity, non-equivalent to each = | 


if wo believe that matinmal ios bs Che dovelogaait of skilis in por-. 
forsing alyocithes in order to answers standard sats of problans, — 
then wu. iagart ane view of mathamitics. If mathamatics enables: you 
fo know “what to’ do whan you ‘don’t know what to do” in solving a 
peobloam, then that is a whole other world view of mathuastics. 

” ra ~ , i - 


" As Alan Bishop pointed out in his Jecture, what we do and tha connec- 


tions wo make’ in mathomatics leaming are largely datenmined by © |. an, 
the way wo think about the purposes of mathamatics amd the ways it And a0 it\ goss. 
is loearmed. =? : “ 
: 7 ; Ex. 4. Whan we sow an algabraic expression Like 
idWeoler | x oS ae | : 
—— ; ; - ee x-) x42 
ore’ making any attaspt to “raport™ on the group’s activities, . 
. present same examplea in order to ask whether the insights aa- we seq 5 minus signa, but do they all maan the save thing? 
in them are epistesplogical - or sawthing aise. Well, yes and no. No because, if we sat about alnphityins 
Lt : : x the expression, treat thes 3 ‘ 
Ex. 1. (This is a quotation from a review of an article about =. minuses in rae ap x-3 a le te 
mathesnatica) induct fon.) 7 The minuses in x" ~x-6 are signals.or “controls” which 
“We must not overlook the conceptual/technical guides us in factoring it as (x -3)({x* 2). ‘Finally, the 
, difficulty of handling the'vital step Pin) + P(ntl). ° minus between the first two fractions) almost means sub- 
Most encounters of students with things like P(ntl) traction - although, provided wag ai Y Srules of signs" 
hava bean, straight substitutions - substitutions of ; right, we needn't be aware of this e@ Collect all the 
nt) for some Variable in a known expression (function). Naexatora together, : 
But in the induction proof the studant ‘has to handle . And‘now, if ! : , 
almost the reverse of this. For exasple, he takes .- our icine: Pao cae REACaNE St aa é 
Pin} and adds scmsthing to it, than has to arrange a F “3 
* the new expression to show that it is in fact P(ntl). ' “Rd 2 ye . 
This squires getting it into the foma P(x) while | oa eon 6 x-2 xt2 
simultaneously “thinking" of ntl, and not x as the 
variable. s is really hard, in many cases, because re 
we "sew" the whole system totally differently. i. 


i one is not using the a @ to simplify but to force “— 


@ correspondence to a cartain model. Where else are Do 
wusinte vasiited to do this?” : If there is a common characteristic of thease exasples, it is that al- 


though they each relate to some faniliax mathematics, they focus sore 
on “awareness” than on knowledge. The points thay mike are overlooked 
in the usual mathaastical acoounts. Yet a student involved with mathe- 
matics needa these awarenssses as much as he/she neods know the 
appropriate mathematical content. flare is potentially epistemology - 
‘en -epistawlogy that studies awareness rather than knowledge - which 
ie just as isportant for pedagogy” as epistemology of the usual sort. 
I venture to sugyest that epistemology is the right word because 

Of my confidaices that such a study can be objective. That is, a] though 
focused on awareness (which sounds pexsonal, subjective}, what ‘can 

be digaivexed has the quality that can make us say, “Yes, these aware- 
nesses are part of what everyone (who is involved with this particular 
mathamatics) anst know." : : 


Ex, 2. A@"classical” probles runs; show How to detect the 
false coin, which is too fight, in-a set of 9 coins using an ,¢ 
epal-are balance twice, | ; ® “ 

_ The correct solution requires splitting the 9 coins into” 
3 sats of 3 and weighing two of, them, then weighing two 

_ single coins fice one set of 3. Most solvers begin with 
sats of 4 or sets of 2, perhaps bacabse of the strony 

. “binary” flavour of the satting - two ams to te balance, 
two weighings,’ two kinds of coin, “A “classical” puzzle 

- off€e has this quality of temporarslydefilecting tha approach: 
to a solution - this my be what makes it a good puzzle. 


EX. 3. It soars intuitively “clear” that .infinite sets can have 
«differant nuwrosities. It is “ubyjous" that there are svre 
+ natural makers tha @yen aubers, sore points in a unit 
- square than aia line gapuant. Yet by adopting the. 1-) 


This “epistemology of mathcmatical awareness” is not the whole of 
“didactical epistaalogy“, which must contain empirical and observat ion- 
al ingredients, as well as “knowledge of mathematical knowladge", ; 
corres onksics aula for Garar lig rodities we can show but its significance fop’se at the moment is that it is a part that 
Hdl: "im faces Hora aie C16 oan eee eas 1s overlooked by mst who have discussed the epistenological foundations 
ae os —_ Aft mathomatics teaching. ; ‘ 
. U os 7 
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ict me rorind you that the Oxfomd nglish Dictionary, a gonerally 
reliable arbiter where mstters of maaning concemed, defines 
epistamlogy as follows: “The theory or sciance of the mathod or 
grounds of knowledge.” 1f we embrace this definition, then I feel we 
in mathomatics education are bound to address certain issues. “Method” 
and “grounds,* it secas to me, both deal with coming to know more 

often than knowing, and with eithar of thase sore often than. tho 
content that is or is to be known. It may well be that the nature of 
what wa soek shapes to som ¢ swe use to 
saarch for it\y 1 by which’ we jie whether or not wa” 
have found it, such as the design of, a tool is influanced the 

nature of the materials to which it is to be applied. I it would 
be a mistake, however, to focus an the goal or. the finished product 

at the expense of the process. ; 

¥ 


Now reflect for a mamant on the question of what methods and grounds 
of knowledge studants are exgected to operate with in the mathematics) 
Classroom, Ali too frequently, I suspect, the method is abeorption 

and the grounds Lie in external authority. Students ‘sosk up’ what 

the teacher, who of course can not be wrong, inundates them with, 

That such a situation is inappropriate and unacceptable I take as a 
truism. How can intellectual growth take place in soil of this sort? 

TI believe that absorption: should give way to inquiry and extemal 
authority to internal validation. Perhaps it is not realistic to 
expect young children to begin their learning careers with inguiry 

and internal validation, though I would argque-that it-often is realistic. 
Perhaps this ‘giving way’ is sowsthing that students should actually 
experience as their education wes. In any case, I feel cartain 
of the direction in which I would Like to sea things go. 


Thoroughly consistant with all of this is a strong sense of the 
sanctity of. the individual in the quest for knowledge. Not 
suprisingly, J find a preoccupation with common epistemological 
assumptions more a little unsettling. While I will grant that 
comon ground is a nice place begin inquiry, I do not think that 
it is the only place. Even i ware, is it not that the differences 
which set the working of one mind apart from the work{ngs of all others 
go often command our attention when we try to tasch mathematics? Do 

ese differences constitute obstacles to Isaming, or are they 
invitations to explore the richness of the individual? Are they 
something to be worked around and smoothed out, or are they to be 
rélishod and revelled in? I, for one, have always preferred revelry 
to work, : 
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VISUAL THINKING IN MATHEMATICS: 


42 


ny 


Q- 
ERIC 


37 


CANSDIAN MATHEMATICS EDUCATION STUDY GROUP 
June 1984 mecrincg (WATERLOO) «© 


REPORT OF WORKING Group (D) 
Working Group on Visualizing Hethematica 


: Tomy Thompsca Sigh Hasson 


Gur (Thoepsoa and Masvn) intentions Vare to meke 8 catabogue of atanderd 
topics im upper-secondary/firat-year, which students find difficult, and 


to explore ways ia which the explicit use of imagery might assist students. 


Our background assumption is that y students believe chet mathematics 


‘tahea place om paper; that they ‘hava BQ supportive imagery or connections 


and coasequaatly they fail so pascticipate in om eascatial sapect of 


- | mathematics. , ee ve : = = 


We sooa found that the instruction “maka s record of what comes to you 


when | say the following words", followed by sin(x); (tex), 


1,7 eet, ... produces @ wide variaty of reaponses. It emerged that tha 


word “image”, weick | used im prefarance to visualizing in order to admit 


acoustic and muscular responses as well as pictorial images, means many 
things co many people. For example, on examining images connacted with 
absoluce walue, the ides of a dog on a Leash was suggested, fo describe 
Ja-afsb. On the other hand one might hope chat studenta would have a 


weometric pleture of am interval of length 2b centred oa a, and an 


accompanying sensa of being on a and reaching out b on either side, This 


highlights adistinctioa between shat [ would call ‘metaphoric associations! 


(dog om a leash) and ‘mathematical images (idke points on a Sine). 
Even though § could probably aot give a definitive distinccioa between, 
these I feel that I want students to contact and be friendly with the 
purer mathematical images. Ie may be that metaphor or simile can help, 
but 1 ae aot Coo sure. Most participants neaned content to employ a 
shot gus approach in claea, trying our » variety of metaphors so chat 
students cao sespoud fo ones that appeal particularly to them., I, on 
the other hand, scill believe in, and seek, core mathematical images 
which Tie ac Che heart of the hasd mathematical ideas. When 1 spoke of 
appropriate and powerful images, it was polated Out that theae must be’ 
relative Cerms - ralative co dadividus! propensities and to intentions, 
i nevertheless feel that some images are mute valuable than othera. : 


Here are two examples: 
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1. Multiplication by -f is mutorioualy difficult for miny 
atudencs. All soscs of metaphoric models have beens proposed 
bavolving profit ead toss, ACMBGrature and ao on, as aticompts 
to justify (-1) = (-1) © 6. believe that this is a 
‘atructusal face ariaing from the wish to retain the ‘lavs of 
arithwetic’ whem extending to megatives. It also has a 
very poteat geometric insespgretation as .aratat ion of the 
numberlina about 0, through’ 180°. 1 call in potent, because 
rotations through ocher angles (mor jwat 90°) can lead co 
useful investigations as well as supporting de Moivre's 
theorem and Argand diagrams jm the 90° case. Thus it extends 
consistently to move gamnersal situations while providing a ' 
geometric image to accompany arithmetic calculation, an image 
which will wot have €o be modified later. 

Do” _* 

2. Continuous fuactiona are uoually thought of as functions whfch 
hava no breaks, and no infinitely wiggly portions (k Ja sin(t/x)). 
For most studants oaly the former image is available, and the 
formal definitioe of cont inulty seams Like a It of unnecessary 
syeboliam. Ona of the features of mathematics is che ‘ 
modification of images (imtuition) as a result of experience, 
Perhaps time devotad to the necessaty modifications of intuition 
would assist students, ia conjunction with making it clear to 
students when the formalising of intuition is caking place 
(se eloquent ly spoken of at tha conference hy Professor itenkin) 
and when intuition ie baing worked on and modified. 


We kept returning to the distinction between particuber and generat - } 
jmagine a square; if I draw it, ic fa eno yec I sec it as general; 
in my imagination it is sort of particular, sort of generel in its 
fuszinass.-Am I always sure in a class that the students are secing the 
generality that € am seeing shea looking at of working on a particular 


exemple? 
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Som lime uss spcot sech ing primitive images connected vith various 
mithematical topics, but in my view not sueugt | Progress was made to 
report on. Participsatrs tentatively agreed to work on imagery in their 
classes, and to report some examples mext year, I tried to draw what 
is for me an important distinction berveen talking aout’ an insge, aad 
talking directly from am image, but it requires considerable practice. 
To talk from an image is to comeciously form sad anter @ mental imege, 
and to desccibsa it to someone uho ie mot present. To talk sbour en imige 
is to talk in aenerhlities as if you expect others slready to “have’. 
your image. We all found’ it difficult to-form ead hed hon an inage, 
yet it is gessantiel to ralk from if atudents* area to be assisted in 
forming images. I recgomend that Teports of trying iusgery in clesses 
consist of a aN 


(i) expiicie instguctiogs to form sn image and work vith it, 
as illustrated im the appendix, 


(ii) am account of what students made of it and lessons learned 


in working with imagery. - { 


We finished by watching and vork ing on a Mieoler film on conics. I was 
abld@ to demonstrate vhat I mean by ‘reconstruction’, which is @ necessary 
but overlooked espect of studying that deserves more attention. The fast 
event vas 4 request to participants to jot dow one or two salient 


moments from the workshop, and some of these fallow. 


1. The eartiest event that made an inptaia lon on me vas during rhe firse 
‘exercise’, oben wa did a ‘free association’ ot images for ah 

(19%) "5 at some point, I became vividly ewsre of hoy disparete 

are the possible ways of ‘imaging’ such objects, and what # huge 

variety of things are going on in my students’ minds when I pick 

om ane such image to ceech a given concept, 

2, The second ce that sticks out in my memory stems from the discussions 
at the end of day | and most of day 2: namely, the reslizetion of how 
di€ficule fe is to create a specific setigf instructions to convey 8 
pirticular image (Like [x~al ‘and its possible images), even once you've 
chosen a specific image. Also to vhat a Large extent I tstk about 


things cather than trying to get my students to think about them, and 
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3. 1 learned how to be more passive wile inviting my students ¢o 


become more active, when Io ae lecturing, 


4. Images cnet illustrate an example of a phenomenon vs, images that 
create an initial svereness of a phenomenon, We frequently blurred 
the distinction (eg, imagery for x). 


” 
a 


S. A difference between metaphor and image which TE hed nor thought about 

before struck me forcibly. , 

a 

&. 1 suddenly reslized chat the inability for me to demonstrate not ion 
on the blackbosrd, in the sigan. 
vhere I had been waving my Bands could be possibly be overcome by 


ext book, on the overhead in situations 
deliberately evoking motion ip mental imagen. 1 feel 1 always 

personally “sav” aotion in my And and hoped hy students did. 
7, To share imagery ‘both’ participants must be allowed to expose their 
own versions of the image, Oc more than one occesion ‘during tha. 


s trying to impose ay image 
"on the other person ~ to kmow thet I vas doing that emberrassed me, 


_seminare T became comacious that I 


1 was in the ‘tescher-trap’ feeling that- ‘my’ image vee better 


than ‘yours’ end mine was the right one, 


Reaseuringly I wasn't the only person in the group making this mistske! 
8, Joha vas asking us to viduslize s square moving through two fixed points 

and introduced s third point (which I vieuslized as being not the 

square already) and then suggested ve move the squere through the three 

points and I was stuck, uneble Co see thet s aquare vould go through 


three poincsl 


«f 
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APPENDIX 
; , : F Z successfully. Avatd using symbole to ‘work ft cur. Try to 
Images: Multiplicat sil by -! see lt directly in your head. = ‘ 
; . ; # Caneralize: rotete about the pelat 2, through 90 de Pere now 
: * Inegine @ numberifne marked off with O, §, 2 5 cong -b47-2, one ® ss, 8 i 
Fotste ebout the current polat 3 throuk $0 degteee; where fe the 
. Rie? = nuaber line ge froa dete ke right ; . : . . line aow reletive te ite storting peeition? oot. Jt ote. wey evade: sues 

“4 nk Soe 8 TEReen is Serre as aed thr: ". ‘ ce : Bee ae oy dee ah ene - = - a a a ee wee ie ai 2 

pe ar ee et a aera Sneieneeere * Generalize to several aucceteive rotetions; probably beet to 
. agree thet the line should eluays come back to ‘the hort 2oat_ 

Thie le’one wey of thinking ebout aulbtipliication by -1. before trying to describe tte position, ° 

Eislovaticn. : ‘ © Caneralize co different angles. 4 

Exploration eo 

: Posethie noteton for describing effacte of Fotetione: 

* Ge beck to your origine! nuaber Line. 's 
Rotate ie shout 2, chréuak 80 deghecé rotations through 180 degrees correspond to multipticetion § 
Wow dace ite position selete to its sterting position? - “Ii Fotetsona through 90 degrees correspond to multiplying by « 
Where ore 2, 3, 4, 2 moult ; / syebol, esy 5 (which con be used for other agreed englee es well), 

fa de Se ; . er cay 1, which is traditional fers 90 degrees. 

Coneider the advantage of showing « brief dynanic image a > 

(Clla/cape) of @ line roteting shout @ eucceasion of polate, chen abe through 140 degrees is « poteatiely potent image for 

laviting inner images. The film should provide @ common basis for ouhshe antes by -I because 1c extends tn euch 4 rich eanner.' 

images, af wall os @ memory trace om which to fepose perticuler | 

questions. 

# Ganerelize! rotate ebout tuo Polate tm succession; where will 
ty line be chen? ’ _ 

“Wealet elgenre until you foal ready to exprece o generality which 
fe ae eubetential end practise ea you feel fe'poselble, before ‘ 
uelag synbols. . : ; . 


# Go back to your original number Mine. Rotate it sbout 2 through 
160 degress. > ' ; 
Mow rotete [¢ ebout the old posttion of 3 through 180 degrece. - 
Where fe the tine now copered to ite eterting poeleloal ; 7 


* Cematalhize: sotete ebout tvo poiate ta succeeelion; where with 
the bine be thant 


* Genereiise: sotete through several polate ta eucceeston, all 
idencifted by their orlgtael Remes; where will the line be 
thea} ? 

Canat A move conaiste of Imetruction ‘to votate your aumberline 
shout some point (identified either by te new nome, or ite 
original name, ouc be consiacemc in sack Beewi). Ailes os > 
predeteruined anuaber ef moves, OF perhepe ca a move satectad 
by aome candom event auch ef solling « | or 6 with « die, 
the neat player MUST retura 0 to Ite origtuel poeltion. ; 

Playece a®y thea challenge whether It hee been done . 4 § 
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The SIMS project hee given we a clarified model for the 
process of curriculum faplementation in emphasizing the 
distinctions 
the intended curriculum 
the tapliemented curriculun 
and the attained curricelus. . . 


The faplementstion of curriculum involves ‘negotiations’ 
between developer and teacher, teacher and student for 
more comp cereiys between developer and author, suthor 
and teacher, and author and student). Each ‘negotia- 
tion’ Involves the exploration of and reinterpretation 
of Smeaning’. 


Thies model ce-emphasizes the fact, which we al) recog- 
nice, thet curriculum change meeccetty mandated In - 
documents such as Ministry guidelines, is nothing more 
than °A Nope in Print". Before it becomes implemented, 
it must be understood and believed in by teachers. A 
commitment must be made upon the pert of teachers to 
implement the change snd finalfiy teplementation must he 
engineered in such » way as to change the learning of 
stadents. 


Fullan and Park in the resource bookiet Curriculue 


‘ javlenentation, Ministry of Education, onfarlo, 19s! 
en 


ify the overall problem: 


“most efforts at currciculum and policy change have 
concentrated on curriculus development and ‘on 
paper” changes. ... the Implementation process has 

; a couenely overlooked i fs (behaviour, bellefa, 
skills) in favour of things fe.g. regulations, 
materfeats} ... White penile are mich more difficutt 
to deal with than things, they ere asiso much more 
necesssry for success”. 


They also state that crucial to implementation is that 
teachers: . 
see the need for the change; 
are clear about the change, and do not perceive the 
change as too comptes 
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have available or are able to generate materials 
that dncorporate the change and are practical. 
While “on paper“ changes are clearly only a start, they 
can contribute to implementation by making: the change 
intended clear... It is this clarity I have been concent- 
rating on over the last two ywars. : 1 


2 


The easiest example to refer to ia the issue of ccalcu-' 
latox usage. For a number of years curriculum leaders 
in Ontario, as stsewhere, have been advocating increased 
use Of the calculator in mathematica classrooms. In 
1980, the Intermediate Guideline Committea suggested 
that teachers explore methods of using calculators in a 
variety of ways, but they did not mandate the use of 
calculators, and they did not clarify the relationship 
between traditional arithmetic computation and computa- 
tion using calculators. 


A survey of students in Grades 7 to $0 inclusive, made 
in 1981, showed that 808. of the students owned or could 
easily borrow a calculator but less than §@0% were 
permitted to use them in class and only 208 of thoge in 
Basic Level classes were permitted to use them on tests. 


(Classroom Processes in Teaching Mathematics, Ministry 
of Education, Ontario, TS5). oe, a 


We decided to clarify the change advocated and ‘include 
the following statement (which some of you may recognize 
as being an offspring of Mathematica Counts. } , 


Use of Calculators 


The calculator has become an integral part of our 
way Of life. In recognition of this tact, schools 
should ensure that students become proficient and 
discerning in the use of calculatora. 

am t 
Students should possess sod reliable methods of 
carrying out calculati withbut the use of a 
calculator when «a small humber of digits are 
involved, and with a caktulator when a large number 
of digits are involved. 


Calculators shall be used when the primary purpose 

- of a given activity is the development of problem- 
solving or other skills in which computation is of 
secondary importance, 


It should be noted: that the “shall" din the last sentence 
makes this a policy statement in Ontario. Thus we are 
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clarifying the change - the choice is no longer there 
fox the teacher (on paper) - the calculator shall be 
used. 


In support of this change we have also identified for 
Grades 7,,8, 9, 10 and for Grades 11 and 12 General 
Level Mathematics (for which the interface with the 
Colleges of Applied Arta and Technology imposes some 
terminal objectives) clarification of what “small number 
of digits" means in terms of calculationa without a 
calculator. This clarity has an additional purpose, to 
encourage the change, on the part of Grade 7 and & 
teachera in particular, from spending so much time on 
computation that they have Little tYme left for geometry 
and measurement, : 


"Another area we have addressed is that of problem 


solving. The 1980 Guideline Committee had emphasized 
problem solving, but in very general terms. Curriculum 
committees trying to incorporate problem solving in the 
course outlines and resource document of their respec- 
tive boards had wrestled with the issuas of what should 
be done and at what grades. Recommendations were made 
to us to clarify the intent. 


I endorses the view that in this area we must take what 
Fullan refers to as the Adaptive approach (as opposed to 
the Fidelity appraach) to curriculum change. That is, I ; 
believe that the natuxe of the change we want in this 
area’must be clarified through the process of implemen- 
ting it. On the other hand, I also believe that the 
work such as that of Charles and Lester (JRME,@danuary 


1984) gives us a basis for being cl@gyer in our expec- 


tations. 


Thus, while we do not include specitic content ob jec- 
tives for problem solving we do make statements which 
provide a framework for development of problem solving 
and further, we have tried to identify a sequenfe for 
the teaching of heuristics throughout the grades. 


\ 
In the introduction we states 


Problem Solving 


Developing the ability to solve problems is a major 
goal of mathematics education. Problems are solved 
by drawing on past experiences - sometimes in a 
systematic manner,*but often in flashes Qf creati- 
vity and intuition, Problem solving is not exclu- 
sively the domain of mathematics; it is an integral 
part of a1] subjects and of everyday life. 
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itic problem solving involves the following Estimate (guess and check; improve the guess) 
a ' Choose operations and sequence them 

Assume a solution and work backwards 

he awareness of a situation in which there is Use a mathematical operation, a formula, or. 

iven information and a goal , : write an equation 


- 


II (The consideration of possible strategies Solve a simpler problem (part of the Problem) 
; (models) Account for all possibilities e 
M01 he choice of a strategy (model) Check for hidden assumptions ‘ 
V fhe carrying out of the strategy Make an assumption and draw sa conclusion . 
V\'the verification of the solution in the 
situation = = — - 7 2 Ce, eee ae 111 Consider reasons for the choice of strategy: - -— - 
There are two major types of problems: . Familiarity 
: Ease of implementation 
eA A strategy is avident immediately. Difficul- Efficiency (elegance) ° ee 
, ties in solution are related to ability to : ; . ' - 
carry out the strategy correctly. , Iv Carry out the strategy:. 
25 Nor rategy is not immediately evident. pbiffi- : 
culties in solution are initially related to Work with care 
‘choosing an appropriate strategy. Check work ‘ 
rl ; Present ideas clearly 
A given problem may be of the first ty for one , Persist (try, rest, try again, try/another 
individual, but of the second for angther. — strategy) 
Word problems assigned after a mathematical concept ~ V Determine how good the solution i ‘i 
or skill has been taught are usually.of the first i 
type, for most students, requiring onty the appli-  — Verify in the problem situation (reasonable- 
cation of a known algorithm to process a solut{on. é ness Of result) Kae 
It is essential that students also have experiences « Generalize the solution to similar proble 
throughout each grade with problems of the second Search for a better solution 
type. Generally, these problems should be solvable 
_ by a variety of ptrategihe or by models and tech- - Throughout the Intermediate and Senior Divisions, 
’ niques that have not been pecenene taught or courses must include planned experiences based on 
practised. Type 2 problems, which will strengthen the es 


; students’ problem-solving skills summarized above’. 
The following shoylid be stressed in connection with . . f 


the stages of systematic problem solving: 
While for Grade 7 and 8 we identify the following 


I Identify relevant and irrelevant informations atrategtes for particular attention: 
Read . Problem solving ; 


Under stank 
Paraphrase 
Summarize 


é 
Emphasis should be placed on the following aspects 
of problem solving: 


List 
* Y Identify relevant and trrelevant information: 
It Identify possible strategies: ; ; a , 

Read 

Classify information (insufficient, confie- : Understand ~ 

ting, extraneous, redundant) Paraphrase 

Search for a pattern \ 

| ’ 


4 


Draw a diagram or flow chart 
Construct 4 table f 


‘ 
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11] Identify posaible strategies: . oe 


© \ 


Classify information (insufficient, vontlic’” -' 


: ting, extraneous, redundant) 
Search for a pattern 

Draw a diagram or flow chart 

Construct a table ‘ 
Estimate (Yuess ahd check, improve the guess) 
Choose operations and sequence them 

‘Assume a solution and work backwards 
: . Solve a simpler problem : 

4. Make an assumption and draw a conclusion 


Jil Consider reasons for choice of strategy: as 


Familiarity 
Eafe of implementation 


IV Cé@rry out the strategy: , / 


: rk with care 


' Check work ce 
. Praesent ideas clearly 
% ' Persist ma 


Vv Determine how good the solution ‘is: 


Verify'in the problem situation (reasonable- 
ness Of results): 


Hopefully this will provide sufficient clarity to give a 
basis for growth on the part of teachers. The danger 
here is that materials @and textbooks) will produce 
-"falee clarity” and translate this material into work 
with types of problems to illustrate each strategy, 
rather than emphasizing the critical. aspect of. conscious 
selecti from a set of possible strategies. ‘ 


4 

@ 

The hope inherent in my last illustration may be the: 
least attainable, since its implementation will-be 
influenced more by economic and social concerns than by 
actions of teachers. 
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Some background is necessary: 


Since 1972 there have been two major programs in Grades 


ll and 12 in mathematics in Ontarjo. One, Foundations 
of Mathematics, was developed essentially as a pre- 
Cdélculus, program. The other, Applications of Mathema- 
tics, was developed to provide a general program tor 
students not intending to take mathematics for mathema- 
tics related subjects) at university. 


¢ 


ee 


_ accommodate students who in understanding and 


One of the major destinations of students encolled jn 


|" the Applications of Mathematics: courses should be. 


Technology or Business programs of the Colleges of 
Applied Arts and Technology, hqwever, the perception of 
teachers and students, strengthendd by the level of 
difficulty of many CAAT courses, is that the-program.is 
inadequate preparation for Technology programs, in terms 
of the algebraic skills developed. The result has been 
an increasing pressure on the Foundations courses to 
ivation 
are better suited for the General Level program. 


Taking as a basis, a statement of desirable prerequi- . 
sites which was endorsed by the Deans of Technology, we 
have constructed a program which should provide students « 
with those prerequisites. The problem ia that as long 
as there is a pool of Advanced Level graduates to*draw 
on, it seems unlikely that the ga@luates of dur Mathema- 
tics for Technology program will get preferential 
treatment for entry into Technology programs. For 
implementation of the change wo desire, we must see a 
dramatic drop in students taking Advanced courses. This 
seems to be asking too much of a change in-parent’s}] and 
student expectations in terma of “keaping the door to 
university open®, “~ ‘ 


My dream is that the Deans of Technology will find the 
graduates of our new program so superior in the prere- 
quisites they require that they will create admission 
policies that will enhance the appeal of ‘the program. 

My fear is that we are in a chicken/egg situation and a 
many students will confdnue with the new Advanced 
Programs.to the detriment of both themselves and the 
prograr. : 


I have tried to examine the problem of effective change 
in curriculum from the perspective of the development of 
Ministry guidelines. Mike Silbert will look at the same 
issue from a perspective a little closer to the class—. 
room, -that of a mathematics coordinatdér for a large 
school board, 


In my view, intended change can only be achieved through 
the modified teacher belief and behaviour which comes 
from appreciation for the need for change and commifment 
to it. Ina rational world, this would precede the 
development of the “on paper" change, but our systems of 
education do not seem.to be adapted to such a process 
and it is quite clear our world ja far from rational! 
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REACTION TO CURRICULUM GUIDELINES 


tp ‘A HOPE IN PRINT 
; r 
By 
4 Dalc R. Drost - 


Before reacting to the presentations of david Alexander and 
Mike Silbert, I would like to describe briefly the context 


in which which I work in New Brunswick. New Brunswick is a ° 


bilingual province with less than 150 000 students enrolled 
in grades 1 through 32, approximately two thirds of whom are 
anglophone. The provincial department of education has two 
program deve lopment and implementation branches, one for 
curriculum work in each of the two official languages. 

1 am the mathematics and science consuitant for the 
anglophone section of the department. Along with other 
tasks to which I am assigned, 1 am responsible for 
overseéing the mathematics and science curricula from grades 


* 1,¢0 12. 1 attempt to monitor the situation and to keep 


teachers content. Silbert’s notion of a consultant as a 
navigator providing information and charting a course based 
on the best information and technology available describes 
my position; however, due to the wide range of curriculum 
offerings in mathematics and science, more time is spent 
providing information than charting courses. Ontario is 
criticized for not having a permanent staff member 
respo@sible for looking after the interests of Mathematics 
on # full time basis. Although New Brunswick has such a 
person in theory, the wide range of responsibilities makes 
it difficult, if not impossible to do all that needs, to be 
done in mathematics education. Ps) i 


e 


In New Brunswick, we have three mathematics curriculum 
development advisory committees to work with the consultant 
to formulate and make rfecoamendstions regarding mathematics 
curricula. There is a committee responsible for esch of the 
elementary mathematics curriculum, the junior high 
mathematics curriculum, and the senior high mathematics 
curriculum. Each committee contains members from the 
university community, as well as from the public school 
teaching community. Teachers form a majority on each 
committee. 


Whenever necessary, s committee conducts an assessment of 
the current program and reviews the aims and objectives. 
Input is received from classroom teachers as much as 
possible. The statement of aims and objectives is 
transformed by the committee into a set of criteria for 
evaluating textbooks and other instructional material. 
Following a review of avsilable materials, a selection is 


OO 


as 


a) 
Le) 
— 


\ 


made from those which rate highest upon evaluation, Pilot 
classes are established in several) nchools to assess further 
the materials and to identify inservice needs snd other 
tasks attached to implementing the program. 


Based on the results of the pilot projects, the committee 
makes a recommendation to a Provincial curriculum advisory 
committee {PCAC}. 
of such groups as the school superintendents, the teachers’ 
association, trustees, and universities. If the recommended 
waterial is approved, steps are then taken towards : 
implementation throughout the schools of the Province, If 
not approved, the recommendations are returned to the. 
committee for further study. - 


The PCAC is composed of representatives 


In theory the process described above provides input into 
the curriculum development process from all concerned 
bodies. It also allows for curriculum materials of any 
nature, either those produced by commercial publishers or 
those developed locally. In reality, the various programs 
usually are defined eventually by the textbooks which are _ 


adopted. 


To a large degree in Canada, the content of bexkbadkie te 
defined by guidelines developed in the more popu lous 
Provinces, particularly Ontario. Provinces such as New 
Brunswick, because of theix smaller enroliments and 
therefore smaller market, heave limited impact on textbook 
content and availability. 


Recently, afte 
at the grades 
for new textual 
sexies available 
grade 10 course 
which possibly c 
because of Belay 


evaluating our general mathematics programs 


and 31 level, a decision was made to search 


terisls. Two Canadian publishers had 

ich appeared to meet our needs for the 
had plans to develop an sdditional book 
1d meet our grade 1] needs. However, 
in the production of guidelines in 


Ontario, each company has postponed publication of its 
additional book until it is more certain of Ontario's 
direction. In the meantime, we in New Brunswick have 
piloted and selected one of the programe for grade 10 and 
Wait anxiously for the production of- the sdditional book. 


To be fair to Publishers, they do allow us some ‘input into 
Sometimes hai are prepared to add a chapter 


their products. 


for us, or provide us with a 


ooklet containing material not 


in the main textbook. Recently with respect to chemistry 

programs, publishers sgreed to make changes to their 
Programs to mske them more Canadian, Although such changes _ 
1, they are of importance to the success of 


are often minima 
the program. 


~ 
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Hilbert comments that curriculum guides with a content 
listing a» a central feature create difficulties since they 
often do not provide a primary foods on-the rationale for 
the cugriculum. Most curriculum guidus already provide at 
least a short statement of rationale ~- but do teachers read 
it, and if they do, do they abide by it? Most of us here 
would agree that statements on rationale for the curriculum, 
Statements on issues such as calculators and problem 
solving, and statements as to specific elements of content 
that are to be included in the curriculum need to be 
included in provincial curriculum documents. © Insurance that 
such intents are actually implemented and sttained must come 
from extensive inservice programs, rather than from the 
documents: themselves. 


‘ % 
Alexander refers to the problem of preparing students for 
post secondary programs in techiiology in Ontario. We have 
experienced similar problems in New Brunswick. Students who 
have traditionally ehralled in some technology programs have 
studied general mathematics courses in high school. 
Community colleges complain tigt' these students have an 
inadequate background in algebra and trigonometry. As a 
result many more students are now opting for the high school 
academic program to satisfy entrance requirements for 
technology programs. To some extent this lowers the average 
ability of students in the academic classes and to minimize 
failure rates, standards axe somctimes lowered. Then 
universities complain because students are not prepared. A 
catch twenty-two situation results. In mathematics in most 
provinces weé@Qhave several levels within our high school 
programs--le & which allow most students to study 
mathematics at a level commensurate with, their background 
and abidity. If our programs are to retain credibility, 
standards within each level must be set and maintained. 


Many problems associated with implementing change in 
mathematics are mentioned by Silbert. These include 
political constraints, human constraints, sehool 
administrators who lack curriculum training, and teachers 
other than those trained in mathematics teaching 
mathematics. In New Brunswick, the provincial government 
currently is investigating the possibility of extensive 
reform in the educational system. Concern has been 
expressed that at the secondary level, a singi& core program 
for all students in being considered. Such a decision would 
be at the political J Poand mot at the educational level. 
The other concerns mentioned by Silbert are also real and 
unlikely to change in the near future. Yet, he is 
optimistic about curricular change. 
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to provide 


It could be argued that if publishers are unable 
should take 


us with material congruent to our needs, then we 
more initiatives in developing our own material. For 
several reasons, this is a difficult alternative ii New 
Brunswick. Our population is not only small, it is also 

To bring 
teachers together is costly and herce not feasible on a 
regular basis in tha province. Finally, New Brunswick has 
tried to maintain the same program for all of its students 
with the same basic materia) used in all schools: In New 
Brunswick, development of materials at the local‘’school or 
board level to supplement a core provincial curriculum is a 
feasible task; development of materials for that “core is 
much more difficult, if not impossible given current 
circumstances. 


“ 


Silbert asserts that ‘curriculum guides are overcated 
documents in terms of impact’. Alexander adds that ‘while 
on-paper changes are clearly only a start, they can: - 
contribute to implementation by ee the change intended 
clear’. In New Brunswick our curriculum documents are 
modest ones which provide a beief rationale of the program 
and in most cases outline the sections of a textbook which 
constitute the content in the curriculum. 


My informal observation of what is done in the classrooms of 
New Brunswick is that most of the mathematics taught is, in 
fact, recommended in the curriculum outline. However, 
everything in the outline is seldom done. Notable examples 
of this are geometry topics in the elementary and junior 
high grades, statistics and probability in our academic 


. eleventh grade program, and an emphasis on ‘real’ problem 


solving throughout the curriculum. In Other words, in New 
pAIsaWick the intended curriculum is not congruent to the 
implemented curriculum. 1 suspect the same is true in other 
provinces as well. The document may contribute to 
implementation but the impact is limited by the teacher's 
perception of what is important. 


‘Alexander elaborates on statements on calculators and . 
-problem solving that are to be recommended for ibclusion in 


Ontario's curyiculum documents. Will such statements make 
any difference in the classroom? Will they have an impact? 
I suspect that, although the statements provide gencral 
direction, most te&chers will be unable or unwilling to 
translate them into specific activities The number of 
teachers who read the statements and implement the 
corresponding intended curriculum may be inversely 
proportional to the length of the statement. 


~ 
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filbert: advocates an ongoing rather than a shot-gin appre eh 
te change, Kone of us would disagree with this position, 
yet in New Hruunwick, and } suspect in other provinces or 
well, the approach tends to be shot-gun. We tend to react 
to ‘situations rather than keep them under constant review. 
Can it be otherwise with a single consultant responsible for 
all mathematics and science programs for grades 4 through 
12. , 


Both Alexander. and Silbert emphasize the importance of the 
involvement of teachers in all aspects of the change 
process. The system must be open, and must also be perceived 
to be open, to a1) bf those involved - teachers, pupils, 
parents, trustees, adwinistrators. In New Brunswick we 
attempt to keep our system open through curriculua 
committees and by close cooperation with teachers’ subject 
councils and district. professional deve} nt committees. 
Yet, ironically, those whose views do not prevail see the 
system as hot involving them. It is difficwit, if not 
impossible, to keep all people happy with respect to the 
curriculum. ' 


oY] 
How can the intended, the implemented, and \the attained | 
curricula be made more congruent. In New B syick 
beginning in June 1985, there will be compulsory provincial 
examinations in mathematics for alf students at the end of 
grade J1. Will this: place teachers in a position where they 
must at least cover the intended curriculum? Alresdy some 


_ teachers complain because of too much material in the 


\ 
: 
‘ 
\ 
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curriculum and too little time. At the same time, 
Institutions of higher learning complain because students do 
hot know enough, It is possible to make the intended 
curriculum congruent to the attained curriculum. 1 suggest 
yes, but it will not be easy. 


is the key and teachers for the most part need 
This can be done through 


The teacher 
direction - specific directio 
cutcriculum guides, making tea¢hers aware of the intended 
curriculum and the rationale Yor it. Taschers also need 
inservice - specific inservice directed at particular 
problem areas. The inservice needs-to be more extensive 

tha presently often the case to ensure that tho intended 
currfculum becomes implemented, And finally teachers need 
feedback - specific feedback on how they and their students 
are doing. Civen proper use of this feedback the : 
implemented chrriculum can become the attained cucriculum. 
And, of course, to do all of this reguires funding - ; 
specific funding directed at particular problem sreas. 
funding must come from provincial governments. 


That 


‘ i * 
Sttbert claims ‘the real challenge is to prepare curriculum 
for Ceachers learning, not student page Be TES Inrge 
extent To agree, however we must not Tose sight thot the 


teacher learning must result in student learning. At that 


time the ‘hope in print’ will become a reality. 


og 
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CURRICULUM GUIDELINES: AHWOPE IN PRINT 
ane list: Michael &. Silbeci ; 


In order to put my comments tn perspekitve, | feel thal § should shave 
with you my mandate. As Supervisor of Nalhteatics for a reasonably large 
urban schoo! board, 1 am officially responsible for allsaspects of the quality 


Of program and instruction im Mathematics from Kinder arten Ube Grade 13 
throu grey Surtsdiction. fhis inctudes staffing pe Mathewat cs py Gr ant 
as well, e 


my comments will focus primarily on the consuftative aspects 
of my mindate.-- those aspects which relate to effecting curricular: a 
instructional change -- f will be towching, albeit briefly, on issues related 


to staff select ton. ‘ 


What Is a consultant? Well, | use to have atom cat, fle'd sleep all da 
and be out al} might ppl artis and cousing & lot of trouble in the ? 
soo sir iat So it hie to the vet and got him fixed. fow he's only a 
consultan , 


The following cartoon puts it. another way: 


4 


“f don't knew. i bark int werth a damn 
| 


wh werth « dann.” 


and wy bite 


tL owe a tremendous debt of gratitude to my colleague, Gail Rappoll, for the 
discussions we had prior to the preparation of these vewarks and for 
Said to paraphrase and excerpt from her recent articte, “Effecting 
ducational Change”, in Contact G1 published by the Canad tart Studies 
Foundation. — : 


i 


a 
\ . " Cd bg 
. ; 4 
An oiling ikea ne the Pile alu oe beacning asd Jedsning 1s bhal “howth Sarlo: 
fembers tad to project thers ume teaming style Che owgi the same content aid o ae ea a ett aT Ga si eg pul fuod 
al out of wohl" 


muthunbalogy employed me thei cen educalion. If this 05 35, ead my own 
ubsarvalinas ted to cocroborate this, then ule of the must difficuls dilemmas 


faciay @ comsultaad irying ta ieplomcad new Corrtculue is Bow Lo ialervenc : Over the past tea 4 
: fs years | have c 
effectively ta this cycle aad help peapis change. Convince teachers to change their Saaice. Sie Whee a ee 
about as likely to succeed as attumpts to get ; : 
Ulina, teachers appear uamtitiag oc unable la change. They sean Palos. hole that eve sailor three se Po vier at that table me 
determined (o hang on lo Classroom strategies sad avelualion practices which of those ships! = s wha ony 2 Was fol on board one 


vesult ta high failure aad drop out rates. They hold oa to these bechalques 


in spite of a hast of theoretical end empirical evidence tadicatiag that How does the analogy fil?) Like Columbus, | Begin with aa diate 


fearning will take place using mure diverse and exciliag Lechaiques. The that ideal education is proc i 
; ess of , : ; ; 
solution 10 this dilemes 1s part of the problem ~- our See education. As Styles, recogaszes Hight/vath ile Gee. ac tance learning 
Bertrand Russell nuded in his Skeptical Essays, “We ava faced wilh a degree that learners believe thelr oom needs are being mst a ae A the 
fi adonical fact thal & joa has Become One of tha chief obstacles to figure presgats, my image of tha IDEM -- aaadonous Harve aaa: 
iatebliquace snd fractae thought“! Although it is difficult to break out , J haven't seca the ides! on a largé scale yet, but | beli ee ane 
af or One thinking palleras, we must try to focus on changing our curriculue * that it is botm desirable and possible that af le ne leve strongly enough 
and teachiag Strategies based on the findings ja two areas: Curriculum and ships! f asl#t'm on board one of the 
leaning theory. lastuad of enthusiastic support for these new ideas, | 
encoualar resistence sad disbelief. ahi es See ooh a a 
: ‘ FROM ee ee 
Unfarlumalwly, rather thea faciag Unis problem -- aad it is certalaly one a To 
ut coasidersbla magaitude -- it 18 balk eastar (aad safer) -to bash out af an Oecd teaching (aruderts passive) —————____ ae 
Impessoaal, distaal curriculum wich appears to deay the reality of the wr Pastcipatory bea Siastieits active)” 
beaches that we du have oad ott] wontinws to have 18 ow Classroums. One Class managed ae na mebity @ Sisdenniaiae ne a 
Khia that has yeadually become evideat to me is that you Cannot depend oa as TR ‘sues cand 
you eyes whea your imagination ts Out of focus, and my Own focus, Given my Etlicnnicy maussuual by teacher thus 
Mandate, must be on talerveaiag ta aa effective wey wilh twechers to hebp them fp dvicce aubiy lek ond seanwnlsioy change $$ Segura devil eae liery Cevuhap @ crmative and 
recognize afd aller thuse behaviours end beliefs which impede curricular and ~ _ Rallaayiog weaveunnent 
asircuctronal change. Teese atid shaah ates stately what 6 becghis = Trabaing Needs at atuckiit, slnaad aad o ; 
. LT w U 
, :  letatasiga whtad th Leaglit ee 
; The pooblem we face 1s @ tremendous one and the resources are clearly Seat os Miiaicshivte 
bomited, fut constructive change, PE bebreve, 1s indeed possible. 2 Studer groups Mealy, 
. Fugeve } 
t hinking of the following Risturical analogy briags the problem Into Goats bor Educational Change 
@ sharper focus. PON Cesbtsen 60d tarred wrentod by Go Maypole & Anucieies : 
ry * - - ee ee See 
, Piclupe an tau in Palos, Spain, August 3, 1492. Al the table beside you 25s 
7 4 yroup of satbors cum philosophers ace Lalking after several Jugs uf wine. ; However, as 4 ca t 
It oos dhe eventag after Columbus bas varled. The Conversation you overheads Palos, and 1 might a nile pera eae are stibl an 
may eave gone something bike this: one felt aboul the soumd world. Given hic, i lesa 
} sail “An fool can see the world as thatl" dismissal of my view of the world and see the besponses of the four sartor nia 
sauce ee pee (he continua of kaowledge, skatls and aft ptudes ° 
P : ealistecally, wat possibleevidence ld 3 : 
: ; "ihe abE be t here ‘sf a wld the average sail . 2 
Second Saatos The wor bd ee be ae bul atound hese at's F bat would suggest ihe world was cuaaul om ge sallow encounter that 
Inicd Sathorn: “Et have read, Vistenead to ay Seri and louked at the Cons ide = 
mais dind chards - there bo athe: logical explanat toa _ beard the See a lel fio ee aid i amie 
the world must be souad, : had no othe experience. Likewise, L ae wor was Flat -- he 
wise, Leachers’ views reflect thei exper tence 


- be ut from their uss education, theis own Feeding, Or from in-service or 


‘ upyr ading. 


V pertraad Russell, Skeptical Essays. (1 ctabengy: 1928), p. bea 
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09 . 60 . 
the key, as a consultant, 1s to see the teacher as merely having certain The minimal impact of ow curt icult Re 
beliefs at a given point tn time (not forever) and to sac the consult asa Curriculum is clearly evident in the jac igh lea 
navigator providing information and charting a course hased on the best of Mathematics in the senior division and the early J0's study of “Curr a = 
information and technology, at his/her disposal. However, the consultant is Ontario Elementary Schoo! Mathematics Programs”. Clearly snaciil in the 
mot the captain, and thus is critically dependent on information, credibility Pyocess is Rot working; what was intended 15 not being jmlemented” 
and marketing to make her/his case. < . , 
Unfortunately, in Ontario, politics-has heen the significant driving 


force behind the Current set of curricular revisions although | would be the ‘ 
ier to agree that’ some of the areas of change are tong overdue. This . 
Conctusion is oaly toa easily formed. the guidelines for Grades 7 to 10 which 
What is meant by curriculum? fs it, as the Ontario Ministry of Education were developed in the early 60's took over 15 yFars to be superseded and yet 


suggests, “all those experiences of the child for which the school fs 
Fk elke ve «disseminated to the schools. 


responsible"?2 This definition causes me some pessondt difficulty as it - 
suggests that curriculum is @ consequence of authority rather than a result of writing team had to face, was how we could possibly be changing courses that 


planned action that arises froma carefully thought aut, well-researched plan. had not yet been fully implemented. Such an action, while 6 
While this ‘after the fact’ definition certainly suggests that account ability with other son-curricular educational thrusts, left co feria aah 
coexists with authority, it focuses primarily-on the implemented and attained sonme} at the local level Shaking their heads in disbelief of the 


caer cats and not on what was intended but perhaps not experienced, 


But enough of this talk of sailors from a bygone era! This panel is 
about curriculum -- "Curriculum Guidelines: A Hope In Print”. 


process, 


\ . 


* Curriculus guidelines, in the Province of Ontario at least, are eed 7 ‘ie 
overrated documents in terms of their direct impact on classroom instruction. Curriculum model that, for al} intents and: pur . 
These genéral documents, vague in intent and distant from the reality of the in Ontario today is the "add water and stir” or. Ssasstol* dicus atom aegue 
teacher add the classroom, have little direct impact when compared to learning Stapshot") approach to curriculue design, development, implementation and 
materials such as texts and workbooks. Admittedly, the content eae in the review. This discrete model treats the Phases of the curriculum cycle as 

e 


: quideline makes itself felt in the classroom indirectly through these acning = “@vents” rather than as a series of complex, interrelated processes, 
materials Ta ipfterms of impacting on the process component of learning, the 
i 


present guide S are abysmally unsuccessful. The curricula Process, as a whole, is admittedly operating under a 


number of environment al constraints, noteably: / 
. Political constraints 


Constraints (time available, rate of learning} 


One of the profound difficulties with a curriculum which has a content 
.! listing as a central feature, be this intentional or otherwise, is a lack of a 
Primary focus on the rationale for the curriculum as a framework for interpre- : 
tation. This tack of focus can lead to Stanif icant misinterpretations of the ‘ . i 
ng and to.a course development There is a serious under-resourcing of the process at both the focal and 


intent of the statements in the content Vis 
that is diametrically opposed to that intended by the guideline developers. , Provincial levels: for example, there is no One-presently on permanent staff 


This point was forcefully br t home to me in recent weeks by two in the Curriculum Sranch of the Ministry whose primary responsibilit 
mathematics leaders who have played an active role in the current process and look after the interests of Mathematics on an Sngoing ie i 
» who are preceived as ‘innovators’. It was their belief that the ‘caps’ 
(restrictions) on some of the more traditional arithmetic and algebraic - Anather matter of considerable Personal concern is the partitioning of 
operations meant that more time was to be spent on these topics -- not less! pssessment, curriculum and iastruction. At a time shen there is a strong cry 
They had equated increased specificity in the core content listing with for “accountability” we should be attempting to develop a symbiot ic 
increased proficiency, or greater mastery, if you like, and greater Cimon — relationship between curriculum, fastruction and assessment. It 15 my 
ey ; Personal belief that assessment should reflect instruction, and instruct jon 
should reflect curriculum, both the iatent and content, to the greatest eviant 
Documents do not effect change; people effect change. As Cooper and Possible. Is ity any wonder that our teachers have not developed a coherent 
Petrosky reported on a study made almost a decade ago, “Students' attitudes integrated approach to these three aspects of the teaching/ learning process. 
and learnings are directly influenced by the personal qualities of teachers Jiven the model that we have Provided? When “push comes to pull between 
and the classroom climate they create,” Curriculum, which is general, and assessment, which is specific, it is the 
Sea at Se wee latter which rules the day with curriculum taking aback seat! When we come 


jor across “exemplary strategies", do se build thew equally into both our 


2 Ministry of Educ at ion, ‘Ontario, Education in the. Primary und ; 
a astructional and: assessment repertoires? fhe answer, generally,” is no. 


Divisions. (Toronto, 1975), p. 3. i ’ 


ts’ ’ 7 At the local level, there are two additional problems that have 


J charles R, Cooper and Anthony Petrosky, “Secondary School Stud 
Significant impact on effecting curricular change, 


Perceptions of Math Teachers and Math Classes”, in Mathematics Teacher, 
(March, 1976), p. 227. 


FY . (2 


: 
Al the sdmraistrative fevel, maay acainistrators back the cwriculum 


perceived productive output for the ‘same level of eneray | a, ; 
gy expenditure. Wil 
Li ainiay aad exper tence and hence do aol have eriher the lools or the “ Oe 


these factors iA mind the sacentives and rewards for the users of new 

credibility lo convince teackers thal aaything bul a teacher-centred, rule- curriculum inaovations are very dependent on the design and extent uf the 

, Si itatad moda Gl Goaval ia sill prude thee. cil ihe necessary setinaisanl support provided on implementation. We must increasingly shift our focus to " 
developing and Auluring jiatrinsic motivation to CRange on the part of Leacher's 


stabrlity ia the Classroom. 
\ as evidence suggests that “appeal to authority” alone will not work. 


Classroom ‘level, many educational jurisdictions im Ontario have 
responded to declining enrolment patteras by establishing a subject - In order for students to derive full benefits from a Rew curriculum 
independent senionity system. As a result, an iacreakiag number of teachers teachers need to be prepared through the identification of needs, an awareness 
ave leaching mathematics without adequate background ik the discipline and of the potential of the curriculum to meet those nteds and a familiar ity and 
with ao formal mathematics education preparation, In ow jurisdiction, 10-15% Comfort with-both the conception and actualization of the curriculua. The 


of ow jiastructional lines ave: being Caught by these “cross-over” teachers development of these environmental factors is as important as the devel t ‘ 

while at (he same time, of the 22 probationary Leachers Our secondary of the Curriculum itself. Unless the clieats perceive both needs on hee . ‘ 

schad!s who receatly had their contracts terminated due th declining pert Paes log benef its heer from their use of the curriculum, the fy 
cars teaching mathematics on a full ok part-time basis. Cost Of the projet will not de justified by its benefits. . ; 


earolmeat, 7 OLs 
Given the prakent constraints we face, 1s change possifle? My answer is ; In order to encourage full Parlicipation i0 new Surcteular developmenbs 
an optimistic, ent este ESL : Individuals and groups must, in addition, perceive that their participation — 
_. WIPE not be directed against their own interests. The openness of the current 
Clearly whal 9% needed 1s a dynamic, respoasive curriculum process with Process has done much to encourage an active, rather than reactive participa- . 
a appropriate allocation of resources to support all pkases, aateably the tlon on the part of members of the educational commbaity across Ontario. 


imp lqment ation and assessment phases. ; ; ; 
: Molivatioa to change, alone, 1s a necessary but not a sufficient 


‘ How might the “add water and stir” pratess we now engage in be medified Condition. Even with a high level of iatrinsic motivation there is still a - 
to optimize the possibility of effective curricular change? Certainly, amore ed for training. : oe 
rational procedure for effecting change would provide for an ongoing rather i" jeu ; , 
than a shot gua process of curriculue development snd imptementation wl th curriculum is (o be more than just “a hope in print",-Time and mone 
must now be invested in quality teacher education Pfc Geine to oo ” 


appropriate mechanisias built into the process for monitoring, maintaining and 


updating the curriculum, implement the curriculum that kas been developed 


For those who wish to design better curyfculum, the r | 
. eal chal] 2 
Prepare curriculum for teacher learning, no student learning. en ee & : 


t 


Two notes of ¢ aut 100 apply here: 
} ‘ 
b. AS with pther “sequential systems", the process rs bound. by its Jeast 


effective phase. - If inadequate resources are applied in the my hope! 


That this will be done effectively } 
ra 


implementation phase, for example, additional resources in other . 
phases will seither speed up nor improve the qualily of the overall 
process; . 
° . 
2. AS with virtually all human endeavours, there 15 a “law of ; A 
conservation” which governs Lhe curriculum process. ‘ 
Change must be manageable in aaount amd pace and should be instituted as : : : 
ai accepled part of the teaching/learnting process. When we are assessing ‘ 
teaher performance we must go beyond looking at what the teacher knows and , , 
should be asking, “What have you done recently? What have you learned?" 4 


; Expersence has demonstrated that mast individuals ave reluctant, an 
general, to change their present practices unless they are forced to do so a 
believe thal they have something to gain as a result of thetr change in, 
behaviour. Two of the strongest aon coercive motivators for change ae a 
reduction in work foad to achieve the save fevel of output or an increase in 
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CANADIAN MATHEMATICS EDUCATION STUDY GROUP 


_ Sune 1934 meetinc (Watertoo) 
ne y ae REPORT TO PANEL ON i 
: THE IMPACT OF. COMPUTERS ON UNDERGRADUATE MATHEMATICS 
, , an le 
' ‘Panel om the impact of computats oa undergraduate nathenatlca 
= : Cheirmau: Pater 9. Taylor (Quesn’s) | 


At..tha June 1982 meeting’ of the CMESG one wf the working groups, led 
! * by Tony Thompeon’ and Barnard Kodgson, explored the impact of cpmputers on 
undergraduate mathematica education. The group falt ite deliberations to 
be rether successful, and st the’ e following meeting, fa June 1983, _fernard 
and John Poland ast down and prapared paper which they publi ed fa the . 

November 1983 edition of the Motes of the Canadian Math Socte 


e At the June ,1984 meeting of the CHESG, the topic ee pursued 
with @ panel chafred by Peter Taylor. The three penalists were Joba 
Poland (Cerleton), Caorge Davis (Clarkson) and Keith Ceddge gets 
Joha spent 15 afnutes highlighting the papar referred to sbov 
pecticuler, addressing the questioe of how the currant uad gcnicars 
curricuggie aight be modified to teke advantage of (or be anriched by) new, 
developments in computer hardvare aad software. , 

‘George’ Devise ja « eithinsticn teucher and Professor of Educational 
Development st Clarkson University. Me ts instigator, architect and 
tedaintetretor of the much talked about Clarksoa scheme which puts 4 
microcoeputer fito the hands of every eqtering freshman. He presented 
some of the philossphy behind and deteite of\{the schese and then geve « 
number of pedagogical examples Crow his leb course {0 mathemet ical 
model ling. 
eppended. © 


io id 


: Cs 
Ketth Geddes ie Associate Frofemeor {n tha Computer Sc fence 
Depertment st Waterloo and works with algebraic slgorithms for. syebolic 


computetion. He ie currently {nvolved fn the faplementation of MAPLE, s 
Tenguege swited to exact mgnipuletion of matrices snd functions. In his 
, = presentation he deacribed the central features of this Lenguege. , It aime’ 


to provide aoftvare which can be easily used by undergraduate stiteats on 
elcrocomputeng, and which will mantpulate and factor polynoetels, 
differentiate and indegrate functfons, and manipulate matrices, sll with 
raCfonal arithmetic. the hopes to have # verston avatteble in 1-2 years. 


y 
o 
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He has kindly eran a digest of his presentstion, which fe — 
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Appendix A Microcompeter for Every Student” 


A. Gaorge Davia - Clarkeon Univereity 


Clackeon Univeralty has an undecgraduate enroliment’ of approximately 


‘3300 atudents and a gradvete entollwent of neatly 300. Of the under- 


gredustes S3% are engineering atudente,. 20 axe science students end 17% 
ere fn management studies. 


In the spring of 1982 the President esked the faculty to submit 
“peake of sxcellence” in undergraduate programs. In the | 
brosd commuter area three proposale were aubmitted: 


- (1) hardvere for computer labe for majors 

(2) ayretreining institute for solving the shortage of college level 
computer science inetructars. 

(3) 0 microcosputer for every underfcaduate. 


Civen the nature of owr fnstitutioa these vere ell naturel proposels aad 
by OctoberN982 the Board of Trustese wee persueded that the funding of 
these proposals would creste « “peak of excellence” {pn education. 


Py “ 


I will concentrate on the afctocoeputer proposes! since it wae aine. 
The heart of the propose] wae to require each. atudent to have @ aicro- 
computer, (one specific wodel to be chossn). The atudent would upon entry 
pay « fee for maintensace of the computer for the S eemestere ia attend- 
ance.. At the concluafoe of the four yeara the atudent would be gives the: 
computer but agtil that time the University would meinteia owsership. The 
progres vee to be phased fn over & years by providing computers for eech 
firet year cless. Thus, the institutions! investment fm dollare would =“ 
level off. efter & yeace. The progres begen in the fall of £983 so we heave 
completed one year of experience. The faculty who were to teach freshecn 
courses in the fall of 1983 were provided with « cosputer in December of 
1982 so that- they could heve lead time to develop asterfal for their 
courses thet relied on the computer. Since every etudent at Clarkson is 
required to teke » course in comgeter programaing acee use wes guaranteed.— 


, The' “biggest use owtaide of thest“coursss wes in the humanities course 


where word processing was widely used. Sroad use of computerdeacd 
tutorfels wee made in the’ basic phyeice course where the professor pro- 1 
duced some/30 tutorisls and students produced spproximetely 200 tutortel 
leseens. eee tutorisle were distributed through the currficulue support 
area of fhe Educationsl Resource Center. The major question facing ue now ” 
ae we prepere for sophomars ae were and beyond is “How do we wake certatn 
thet ve don't have‘ horseless- crfege courses!”. By thet I mean the afcro 
should not only f{afluence hoW we teach but also whst ve tesch. Reel 

thought needs ae ee been to whet should’ course content be now. a 


To that end let me describe my experiment with o mathematics 
dsboratory. This course wes started & years sgo with one micro and [0 
progtammabie calculators. Ite bewic thesis is thet interesting provlass 
are Inveatigated now - not the tradgtionsl approach thet you car only look 
et them efter as have teken course® A, 8, C, etc. 


Programming is not the emphasis -— but th development of mathematical 
modela te the focus. Staple programe that ste cesy to slter ate ueed to 
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iuveatigate the implications of the models and the predicted outcomes efe 
checked with the real world pheoneeena. 


Thie past year among the projects faveatigated vere: 
‘ 
(1) & prectical now-euclidsam geometry with Implications for city traffic, 
robotich sad information storage. Mere et firet « rectangular pattera of 
“atreate” vse asauned and all poiate were considered, not just “strest- 
cornece” a8 in “text cab geometry". Questicas sddressed the nature of 
“atcaight lines”, perpendicular bisectore, etc. Some of the batter 
otudente investigated eimilar queationa for a rediel pattern of atraete. 


(2) Euponeatial decay or growth. Here one of the goeis was to get 
etudeacs to guess eat a closed form of the salueiou- 


(3) Pendulum. Thies wee tavastigated efter the enswer for the pertod of e 
eiaple pendulum hed been daveloped in their physica coures sesuming suall 
vecilietions. Questions addressed faclude “iow small ie ameli", hay long 
suet erm be in oxrder to just detect « 51 change in gravity - differen 
enswer for differest initial eaglel, iateraction of preciaton of ti 
messuring device vith the shove question. My question is, givey- 
aow availeble why do we do the “small oscillation” work at s11? 


~. 


(4) Hechanice. (a) Tha (Light of « bessbell. Queations jack 


should the better beheve differeatt envey Park, ait ipheavy - 
impact), the complex job of ting undes «a fly bell, how to throw bells 
to howe on the fly of ef (b) Advantage of being tall tn beskétball — 


aside fros reboundia 


c. (@) Length of firet arc of the eine curve. Interesting, 
don’t believe the snever beceues when we draw eine curve we 
the eame unit of distance oa each axis. A chance to 

ate matWemalical theory when outcome conflicts with fntultion. 
angth of en allipae 


(6) Monte Carlo Nethods. 

(oe) Buffon Needle probles 

(b) arc length of en allipes ‘ 

“(c)  bogerithe ; 

(4) why did watng average cadiue of ellipee work well for ere length 


but feti for areal (a model questton) \ 


(7) Rendvoe numbera (ceotcal Limit theorem) 


(a) whukfitog a deck of cards 
(b) energy states in atomic chemfatry and physics 
I will epeod acme of my summer working out new questions to titust- 
rete theee eama concepts ao I-won't be Cempted to short cut inveetigations 
but be truly ae involved es the students in the model work. In some way I 
will, get ay questiovne saywhere ~- Schantifiic American, Cuodays newspaper, 
the gambling Cable, etc. 
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FAMOUS PROBLEMS IN MATHEMATICS 
AN OUTLINE OF A COURSE 
BY: ISREAL KLEINER 


DEPARTMENT OF MATHEMATICS 
YORK UNIVERSITY 
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CANADLAN MATHEMATICS EDUCATION STUDY GROUP 
June 1984 meering (FaTERtoo) 
REPORT OF TOPIC GRour (L) 


Famous Problems in Nethematics: Am Outline of a Course 


Israal Kleiner, York University 


& 


Thin ts a ane-semeater course st the Jed year level offered fn the 
department of methemnt Lead York University. (Some techufcal detatis about 


the courses are given at the end.) Lt. is not s course in the history of “(e) 


mathematics, but it hes « significant historical component. In fact, one of 


the objectives of the course 1s to make Students avare that mithemetics has 
a hincory, and that fe may be interesting, useful, and important to | 
history to bear on the study of mathew tics. 


The couese trtes to legitimize in the eyes of students the potmt thet 


‘ 


it makes senae to talk shout mathematica in addition to doing mathematica; 
that {t makas sense ta deal with idees In mathematics in additton to dealing (a) 


vith “mathematics! technology”. In brief, the course sttempta to makes 


students more “mathematically civilized”. (fhe phrase in quotes ts the title 


of a “Lettec to the editor” written by Pro{sasor 9. Shisha; it sppeared in 


the A.M.S. Notices, v.30 (1983), p.603). . 


Before dealing with the so called “famous probleas”, let me list sone 
: vr 
tdeas or Chemes which I ery to pursue in the course, with brief tndicstfons 


of tntent: 


(a) The origin of concepts, results, and theories in mathematica. 


A celevant major theme of the course is that “concrete” problems often give 


. 2 ‘ ° 
tiee to abstract condépts ard theoriss. 


(b) The roles of tn uition and logic in the crestion of mathematica 
(e) 
Student's \ aea only the ftogical aide of the mathematical 


But, in the view of Hadamard, “logic merely canct ions “uw 


On the other 


enterpriae. 


conquests of the fntufefon". History often bears him out. 


hand, thete vere Cimes fn the evolution of aithematics vhen fogicel 


rather than (ntultive thinking vas the creative force. (The creation 
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ef non tae tidran geometry anf net theary ase prime ccamples.) | For 
the working mathematicfon there (9, of courne, ag ongoing tuterplay 
between fatultion and fogtc. 


Changing standacds of rigor in the c evotutl lon of mathomatics. 


The concepts of “proof” and “rigor” im mathematica ara not 


absolute hut change with time, Moreover, the change fe not necessartly 
¢ 


from the less to the wore rigorous - there ere Cluctuattons in ptandards 
of rigor. Im fact, F think that what we are witnessing nowadays (both 


pedagogicalty and professtonally) fs a reaction ageinat the strict cigor 


and abstraction which have dominated mathematics for mich of this cestwry. 


SS a ae 


The sociotogtcal theory concerning the devetopment of mathematica 
can be suwssrfred succinctly and poetically by the-following statement 
of J. Botyat: “Mathematical discoverfes, ltke springtime Violets in the 


woods, have their sesson which ao hoean can hasten or retard.” At the’ 


adam. bee: the discoveries sre made by humana - humans with personalitten, 
passions sid prejudices which sometines have . bearing on ‘he mathemet les 
they create. (Cantor {s a case tn pofnt.) 

Hore generally, the intent {fe to pay sttention to the crestore ae 


vell as the creations of mathematics \f.e., the humm drame in the creation 


of mathematfcs). $ 
Hathematica and the physical world. 

The relationship between mathomat icon and the physical world ts s 
longstanding one. Tt hee enriched both mathowat ies and our understand! ng 
of the phystcnl vorld. Horeover, cur view of this relattonahip hae 


Witness the folloulig 


de 


thanged over time (eapectally in the 19th century). 


qi) 


(a) 


re) 
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werd of WMad cade: “Pint patadon du now Sully catubiflubed that the 


Gimunt abatiactiows ace the teu waaysiue wlth which to coatraeld our 


thoaght of comecrete face.” f 
Ve “rulativity of mathematica”. 
sf 
~ By thie To muan that mathematical Cruthe “ere not shsulute hut 


a 
Vor axample, the statement "If ao tb- ate 


depend on tharcomtuxt. 


then b- c™ fo true tw the dumata of, say, rual of complex. numbers 
2 hs 
but false in the domaim of taansflulte avlere. Agela, tha equation 
o : 


Pa #1 = O hae au sulutions fw the domain of reel nuaberse, 


sulutions ta the dowaln of complex nsombers, and inffultely many sulutions 


ia the domain of quaturnfiana. 


Hathematic 


This question sclees more of corn naturally tn connection with 


vetlous mathematical developments iu the 19th caontury which are dealt 


with fn the course. Horeover, one weed mot opt for one cherectarcizetion 


or the other. Davie and Necek (in thelr buok The Mathemeticel Exper tence) 


moggcet that the Cyplowl working mathematician ta s Platontet on weakdaya 
aud a forealtet vo vechenda (thus viewlag mathematics af ons Cime os s° 


discovery and at agvother es an invention). 


Remark 


Mie abive (lame ute, of cousue, of major aus 'y the bistocy 


and phiftosophy of mathemacics, and one can wot treat them exhauutively ta 


@ one semester course. They are, however, central te the couree. Horvover, 


they are net dealt vith ons by onc (a8 Liated above), but rether are 


dbavuesed fe the course of deallag wlth the “Campus probleme”. Su much : 


oe “y : 


Ta * 


¥ @3 


/0 . 


fur the wodeelying themes. Mow te the “pryttoen” 

The content of the courwe fu fhexible wind one cai choose the 
problems worse or Jews as ous pleases, Mure are some of my chotees, 
They ah cides dtceded by perscual seete, by the bevel of the concue, by 
the : a thet the subject mutter at the probleme ts usually wot’ dealt 
with fa Chew standerd couress, sad, moat importently, by che teluvance 


of the problews ta the thenea weich I em trying to expound. (You will 


note thet “probleme” are Jacecprated quite broadly.) 


Dlophantine egust ions 


2 2 2 2 2 
eB wm ty eg gw ty cep te rey a ey ns 


a 


The common ehraes fa the four Aquat tens fe that one cabeds concrete 
questions sbout integers in @ theoretical (etgebraic) framework of unique 
Factorization dowalus (a.g., “ + ;" - - ylelde (x + yi}(x- yf) « 2, 
an equation in Gevesien integers). Once developed, the theory beare on 
the solution of the coucrets problems one aterted with. tite stacy of 
Fermat's equation ts more comp isx.) 


Such queettons 64ve rise toe Figy biench of mathematicae, namely 


alge 
Igel bralc number theory snd, fe perciculer, to such concepta as unique 


Diatcibution uf bilmes among the integers 
Here one embeds “practical” questtons sboot fntegerg fa the 


theoretical framewotk é 
ewotk of auslysis, The Starting pofnt fe Euler's Iidencity 


- I 
, -1 
£ - -€ 
ut on® P uF Se he 5s ony real mumber > 1, whieh 
me = 


aon 
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Puller seted Co piven nttefuate proof of the ful futtude of primes 
wow to nhew that the petec¢ are (in some sense) “dense” among the, 


| 
lutercray(tie., thot ' a diverges with Fils : 
p prime « integer 
Potty 


p twin prime 
ane of anslysie tn number theory and fed to analytic number theory. 


cf. the 


convergence of ) . This ves the Firat tnatance of the 
Other problems cwudiderea ere prime-prodiuctiug formulas (e.g., 
heart & Herscnng primes, the Hatifasevich polynomial, Dictchiet's 


theorem on primes in an erithmetic progresston), the Frime Meeber 


. 


“Thewiee: and the Riemann Nypothest{s. : 
Remetk on Problems 1 and 2 

oe eddition to providing bitgetestic as of alia ue themes 
mentioned abowe (e.g., (a), ®), (e)), the study of Number Theory, 


i 
as exemplified In the firat two problems, sheds Light on the folloving 


“ 


polota: 
(ft) “Simptictey” in mathematics fs compen (there te an ebundance 
of “almpte” questione to which there sre, as yet, mo ansvers). 
(11) To atudy problems fn os given system (fn this case, the integers) 
it ts often very helpful to enlarge the aystem (a recurrent 


theme fn methemetice). 


(111) The role and Hattations of the computer tn mathematics. 
* ¢. 
Polynomist equet tons ‘ : 
The cubtc, the quartic, and higher degree equations. 


2 
Students think thet f¢ wee the quadratic na al (e.g., x # £0) 


which Led to the Introductfon of complex numberae. “Thie fs not the case. 


tn fact, tt was the cubic vhich geve rise to complex numhere. The “why” 


-—_ 


and “how of this “story” ate explored, . 


The complex numbers ate an futereating cane apudy of the geneaia, 


evolutfon, and acceptance of « “mithomaticonl syatem™. 


Some fndicetion fe given of how the study of permutations of the 
routs of « polynoatel equation slin fn the atiudy of sulutions of the 
equation - 


on important source of the tise of the group concept. 


This problem tliwetrates themes (8), (d), (e), and (g). 
: h 
Are there numbera beyond the complex numpers! 


The erawer depends on what we mean by “numbers”. 


~_ 


We explore 


the hlatorical evolution of the varlous rember systems (Indicating 
a 


asines and Losses at each ate of the evolutfonery process), and then 


4 


how these, fm turn, led ‘to the study of non-commutetive sigebca. 


Thts problem seas ei (a), (b), (d}, (ed, (CF), end Cg). 


Why ty (-1)¢-t)=87 

‘This fe as instance of the general probles of the (Logical) 
fuseificetion pf the fave of operation with negative numbers. it \ 
became a pressing problem (for both pedagogical and profesitonst teanone) 
at Cawbridge University around 1830. Peacock and others art theaselves 
the task of resolving this problem by codifying the leun of operation 
vith ombers. This was pethaps the earlfest Instance of axlomaticn In 
algebra. The seeds of “abstract elgebra” that emerge here are) 
({} The manipulation of dynbois for thefr om wuke (ec called symbol] ical 
algebra)s dabetseebakien comes Latee,. AN | 


(ff) Some. freedom to choose the fave ohcyed by the aymboln. 


The problem tlluatratee themen (a), (hb), ment (cr). + 
. | . " 
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2° F ; , 
early 20th century, fe.g., Russell's theory of types forbids ashing 
ee ee en lf NEN; the fermelo-Fracukel ms the formation of N; the 
assiCles Nas a class but not ae a 


vou -Neumann-Cidel-Berrays theory cl 


Paublums 3, 4, wad 3 come from algulrs and ace an fudication of 
the tranwlt ton from “chasaical” algebra (the study of polynomial , set.) 
equations aud laws of operation with “sumbers") te eodern” algebra Among othur causes, these axfowacizations Jed to varloua 
(the diddy Of axiomatic systems), philosophtus of matMonaticn (logictom, formalism, intulefontsm), 
7 cacti psustiel siaibiale : The probles helps illustrate themes (a), (b), (co), (dS), and (f), 


this prublen gave cise to the creation of soleve ttsean geometry, 9. Conaietancy, Complecenass, Independance. 
Wore we atudy the coat inuve hypothests and, capectally, Cédelta 


é theoroma and theirs impact, 


These matters Mlustrete themes (b), (c), (£), and (g). 


the themes (9) co (g) mentioned above. \ emack on Problema 6, 7, 8, and 9. 


\ In addition co illustrating the vacfous themes as Indicated these 


gcomctr 


the re-evaluation of che foundations of Euclidean 


study of ayfomaticn. le fa an excellent topic for vateing interesting 


o (e.g., whee ie wat homatice?) aad, in particular, adirensing alk 


J,  Untguenesa of representation of « fuaction in a Fourler series. 
co problems relate to questions to the Philosophy of ‘mathematics, and 
The study of Fourlur serias had « great impect on subsequent oa 
yg especially co the fundamental question about the nature of mathematics, 


davelupments in mathematica. The problem of unique representation vas 


addceumed by Cantor and thte bed him to the creation of set Eheory and Notes ; . 
the clacification of the concepe of the (actual) Jofinite (1) In @ oue-semester course one can deal with only some (ak most six) : 


ait, , 
of the above nine probleme. 


la this comection, we etudy cardinal arithmetic 


and Cranucendental nombera. i (11) Wo cextbouk 1s used. However, many references are given and studente, 


\ This fe an excel dent topic for illustrating themes (a), (b), fy: ate expected to go to the Dibsary end read some of then! 
wi a a a = ~ 


; {t11) The prerequflel(tee for the course are any two muthemulfcs Coul ses. 


(£}5 and (yg). 
Students vith only this atoimum Prerequisite are asked to tuke concurrently 


8 Paradoxga dn sat theory. ; 
at least one or two more mathematics coursen. (Qne fe looking for the 


aus i 


Various spproaches Co resolving Russell's paradox concerning the 
; elusive quality of “machematical maturity™.)- 


wet Now (asa B® xd ted to different axtomacizations of set theory fn che 


a 


‘<) 
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Civ) The techatcal aspecta of the course (which constitute about 1/3 
, : 


4 


te 1/2 of the course) ate not very nding. Many students, however, 


find the intellectual aspecta demanding. To deal with ideas in 
mathematics, to be asked to cresd independent ly inthe mathematical 


i1terature, to write “mini-essaya” . are tasks ‘which mathenetics stulonts 


are mot - but should become. - accustomed ta. 


Other Problema , ae 


* 


- 


Pg gence): 


Here area fews more probleme seachelee sty somewhat ' more desanding) 


‘ ubtch may by considered in such a course, 6 


a) The XSnigsherg bridge Preelen the Euler- Descartes theores for 


polyhedca; the fodeceotouy theorem; (motivated the development of 


gtaph theory, topology). 


b) Heasurement - length eres, volume; (motivated the development of the 
« 


. 


integral). 


c) “Exotic" functions; space-filling curves; (motivated the rigor{zation’ 


and arithwet ization of analysis). ‘ 


yar 


. dj Poperiaeeric probléns;, other maxima and minima uebiaaa: (motivated 


i “the Creation of the caleuloe of vertartens): 
* a 
ie) Aspects of Fourter saries; (led to a re- mis tuaiice of a nuaber of 
» conver- 


" Pubdamentat concepte of analysis such as funceson, integral 
. 
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issues. 


“har gely 4 Course on the history of the calculus | ressing the 


s 
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Ne 


‘ 


“tn my rt .duscrib three cqursus® that | hive tage in receat years at 
Kuch of thesw courses has cuside ‘ 

I atso mentioned a mabe 
P teachers dovise” “Pavel tectuat ly. rex 


le aid historical 


t of receut books that could belp 
We Lib le’ eourses. F , 


»® 


’ 


i % 
A ~ s*. 


s 


A topics course’ Ahdt, iunteied on a mor of an ymuthomatical 
P ¢ 


ro” 
! 


tA 


+ thematic and paject ic np revage ye (Main text: CN. Edwards, The 
Historical Vevelopment of ie Calculus, Springer: Verlag, 1979: + i 


aw a). 


of Eve hide, similarity, 


‘Klein's view a Goome t ry “Tilatvatus by the Study 


affine and pidjective Keometrics. ! 


tsoem (2). Hyperbolic Kyomet ry and the bapact of its discovery 
4a) mitthemalics. 
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COURSE 1 


. A topics course in Mithomatics* 


€ 
i introduced this cour - into a program offered by the dopai unent af mithowst ics 
at York thtiversity and intemed primarily for ‘service teachers. : 
e5 ir sity a ey i y ap- Veae 


ri 


* 


The following major topics wore covered in 1982-83. 


1. the evolution af “the meber syston. 


comparison of thu contributions of wdoxus and Dedekind, wind consideration 


of major shifts of viewpomt. } 
a 
a: |The Method of Archimedes. 


3. Some Greek coustruction probloas and their modern algebraic solutions. 


(the discussion inchaded a 


. 


4 ay 
\ F 


LY 


4. Kepler's law aid 's law staieivaras ceaviathe , 
5.  Suyghens’ egeisidais rer | This was Vateaded as a simple demonstration 


curvature. ) ‘i a 


« 


of the power of Spe calcbius aud of the importance of the idea of 


- 


\ 
Le 


6. Minina and mixin. vie the spear teatrie pgoblen to tye Salou 


of variations. \ 


‘ 
’ 


7, The, discovery of byparlahic goonerty and its jntellectual aes 


. 


J. Four jer 's sevies - its jenunts ind impact ‘of mathematics. 


‘. tries, wind cal s Ertangen progriya. 


. Hlidbert's id problen! (ies impo abelity of an naan theory 
of vob. } vo: es 
Mh. real as progress (Comets inspired by some of the wark of 
Gadel. 8 ; : 
i - @ ‘ 3 ‘s ane: 
Dera ao. : 3 2am . s Poe a, 


? 


a A detailed késce iptiug of 
mpposrod in voluwe Wy” issug 
Aah by fricdvich Verfu 


YF ykd bshh veysion write To: 


her, 


. 2 a 
he cowse aunt of the topics listed above has 
84 of the Genwan jousmnal per MithemaikWitervicht, 


Wo Seolze 6, Nest Cerminy. 


~ Abe Shenitier, 


mT, ‘scieass jo, Cunhe MD Sri J 


hepartecnt of. Mithomilics, 


. 


wee, 


A 


Remirk 


When Po oteach this course in 1984-85 1 shall call the attention of 
student fecturers (to new possibisities. Spocifically, topic 4 on 


Kepler amt Newton could profit from the inclusion of relevant 


material on Einstein along the Lines of splendid two-page essay in a 

First book on physics by A. J. French (see sext page). Topic lon the 
evolution of the maber system could profit from the inclusion of material 
on ee and octonians. As for new topics, | would like students 

to a - oe 


Iscuss: ~ 
e 


(a) Infinitesimals from Leibsiz to Robinson. 


. (b) Conic sections in Greek geometry, in astronomy and in 19th century 


_ gcomet ry. .. 6 
(c) “Some-uspects of the evolution of projective acme the 19th 

. century. (Mure explicity, how projective geometry ame an independent 

discipline.) 


(d) Buclid’s classification of irrational tatios in Book X of the Elements 
and the modern classification if irrational maabers. 


‘Last year 1 taught a course in the hista 


_k. = The axfomat ic mechtod. Fic tidean geometry and geomet ry ie the 19th c. 


30) 


COURSE 2 


1 A couse in the history of aithemtics 
the Greek soots of the calculus and of geometry and their subsequent evolution, 


of mathomitics That conterefun 
the history of the cafculus but inchu discussion-of some aspects of = 
the evolution of geometry. The approac s thomatic and genetic. 1 relied 
to # large extent on C. I. tdward's The historical developavnt of the calculust 
and on the relevant parts of # recent Russtan series of books on the history 
of sathemtics. The main topics discussed in the course were: 

4 


a. The mots of the calculus in the works of Archimedes and [uous . 


b. Philosophical coutinuation in the Mth c. (Oresmes, etc.) | A 


c.. Technical continuation in the 17th c. eae Femat etc.) 


d. Creation of the apparatus of the cajculus by Newton ahd Leibniz. A critical 
commrison of the approaches of Newton and Leibniz to the calculus. 
c. Newton's role in the emergence of differeritial equations as the core of 
the calculus. and in the growth of mathematical physics. Deterwinisa. 
. & 
{.  Infinitesimals from Leibniz to Robinson. 


gs... Euler's introdextion of the study of functions as an important 
concern of fhe calculus. 7 


hs. Fourier's serfes and its impact on mathematics: (1) impact on the function 
concept, (2) impact on the toncept of the integral, (3) impact on 
mayhemretcal Physics, and sO on. : 

i. The contributions of Cadchy, Riewinn, Weierstrass and Lebesgue 

to the developmcnt of the central concepts of the calculus. 


j. — Fandoxus and Dedekind. The arithmetization of anatysis. \ : 


¢ 


* Those unfamiliar with Kdward's book might like to know Chat it is a unique” 
combination of hard-to-come-by computational miterial and excetlent critical 
analyses. , e 

~*~ = 


KINSTEIN'S THEORY OF 
GRAVITATION, 


(A.P. Preuch, Ngwtonian Mechanics) 


We have dcasibed eases how Newton secagaloed thet the 
apostionalily af weighs te lecstiel anass is a fact of Rundsmentel 


| -yellicanccs h pluyod « ccatral rote le fending biw-to the con- 


sbusium thet hie few of gravitation must ham gcaciel kw of 
.qierc. Fos Newton this wus a stsictly dynemlcal result, 64- 
iwessing the basic propcrtics of the force law. Bed Abbest 

1 $985, looked a6 the situation thveugh mew syes. For bias the” 


fact that old objects fall toward the casth with the seaw accelesa- 


» phawst (foe « 


whatewey thely site oc physical siste of composition, 


hicas, Kinscie devetoped Whe thcory thet 
) fullusie lee checactcristis puth sround the 
sua because injse doing it be traveling sheng what is called 6 
zemkesic bnc—thed fe to say, tha moss ccomomical way of gcising 
‘cus Onc poled te saothcr, file praposisiog waa thut sbihough 


oe the olvcece of massive objects the prodcsic puth is a sicnighs 


t 


_ 
ERIC 


mac be the Euclidean k¢ase, the presence Of am astscanly messlve 

‘blest such 03 the sua’ mudifics the gromeicy bocally 10 thet the 

scpdcsics becuse curved Mace The state of aflsins in ihe vicinity 
! w 


O 


§ 


| Mircalled “precession of the perihelion” 


Of s mative object ie, in this view, to be latespreical not ba tes 
of o giavitationsl Echd of farce but be terms of 0 “curvature « 


- space"—e facile phross that covers om absisacs and meth 


matically comples dcactigtion of noa-Encideam gcometrics. 
Fas the mont pect tha Elasela theary of gravitation gin 


pesulte Indistiagulshable from Newton's; the grounds for pa” 


fasting lt might sccm to be conceptuel rather thea praciics 
But in ane colshesied invisnce of planstary mosioas thesx is 
saad discespaacy thal favors Elastela’s theory. This is ba 
‘ , Mescury. The pe 
mamenon it that the asbit of Mercawy, which te dlstlacty « 
lipticel in shape, vary gradually solstice os preceaca be ks ow 
plans, 00 theé the majos sits ie slong & shightly dificroes 
ot the cad of each complete sevolutlon. Most of thig 


conbary. The atiemnpés te explale ken Newioalen thoory—fo 
esample hy postulating sa wacbeerved pladet lajibe Mercucy’ 
ewan orbit—oll come 60 gricf by confictiag with other facts 0 
. Gbecevatilon concerning the solar sypicon. Einsicin’s theory, u 
Ahs cihcs hand, without the uss of any adjustable peranectars 
bed $0 @ cakuletod procceslon rate thet peat cuscly will 
observation. Us cosnespoadced, ln cflect, $0 the caintcace of 6 ver 
small force with a different dependcace on disisace then th 
ducninaat 1/s* force of. Newton's theory. The way la which 1 


but sjuct from thei asblisesy character they alsu bad to fale 
piodictlona fos the other plancis. be “8 thoury, however 
Ma concs pnd automaticaly thet tho size ths abst usytoinng terme ws: 
Propurtionel ta the square of the magubas wlocity of iid ploact 
and heace was much more fos Mercy, with its 
short postod, then for aay of the 


a 


The agyerent smownd of processing 44 whewed Stes bhe 
abued 1.3° ger ometiry, but af thie be dus te-che Continua, change ja 
ihe alone of tht cuth's owen tbe precession ths means en 
Chainer 14. ‘ a 

; x 


sqmare baw —bed boca tshd bchore Elasicia duvclopul his tecory 


Garth be astwelly 


 witthomatical thoughe. 


- 
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cand 3 


A Course in Geometry 


« 


ve 


ast year | taught Reametry course which coud be 
described as an introduction to thé geometric ideas 

af Klein uad a discissidn of the discovery of 
hyperbolic guometry aud its revolutionary effect on 
fvegurd this material as 

very woll suited for producing the mysterious side 
CFfect knows as 'wuthemat ica} auturity’. (Groups: 

Com: £0 life and so do iavariuats. History becomes 

a history of ideas rather than a chrowicle of expuadly 
jusiguificans events), The materials |oused included 
@ Swiss high school’ text ov transfonaation Reumetry 
(out of print!); * a sketch of the history of the 
parallel postulate aad of the discovery of hyperbolic 
hcometry Pun essay on the significiunce of the discovery 
of hyperbolic geometry? and a proof of the consistency | 
of the ux jOms OF plane hyperbolic pyometry (the 
Poincurd model). y] 


SS a a ar a on Sigs fp ses 2 a ry ae eee 


“Max Jeger, : Trans felnwat ion peometiv, Adlon & 

thawins Led. , 1966 7 

¢ ‘litrodaction co Kelley & Matthews, Me non 
Hac bidean hyperbol ip Rhine, Sprdiper Verlag. - 


Pare 

48 

@ Moise, Hlementary peometsy ar ie dvs ad VEG, 
Addison Wesbey, 1963, ch. 25, . 


F (atitlen, Bridges mw infinity Tercher, dne., 


pp. 10S: 495, 
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© ~ , . 
The céutents of ‘the Jcper book apeas fod Vertes: = a A fow bouks of use) in developing. simi lay courses * ? 
, ' 2 : ~ . ‘ : ; ‘ ny : s 

os : A few recent books with substantial critical wa béstorical components 
re could be used to develop a course in inser theory. The books 


. , TL have in mind are: 


CONTENTS _ \. HLM. Edwards, Fermet's Last Theorem, . 
; > * Wei}, Number Theory. An Approach through History. 


Feneweee Scharlau and Qpoika, Yon Fermat bis Minkowski . ; 


PES74CE TO TMERM Gham EDs TIEN 
Veameaavens’ ware 
iter of svneece 


+ {published by Springer; volumes 1 and 2 are out’ and Tour wore 
| Volumes sre promised for 19841) miy help one develop similar courses in 
other areas, , 


ta ; -— . .. i 
aiid ; The brand new German series of books called Grugdwissen Mathemat ik 
av 
17 . 
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4. The Group of fesmeistes . “é a a an ate 
The role of refhecetens ured half-serns in the group sa 7 
a loonncerieg \ ; 


_ & The Gceop of Treasfermetions’ Mapping 1 . . o 


7. Enlscgemcats 82 é % : . 
The proap properties of evberqervents : t . i 
Sabgrocpe af the group af enlargements : . , 
&. Siméleriios : .) f , 
a An’ pbrdbertiecs ' p > . bd « 
Oppanie shomolie tebed . , et . 
9. Afiee Traaslormaticns 110 : 4 
Pregecetes af peripective éffinivies : ; 
The grobp properting of pec ipestiog afficisics ra 
Affine gremnary : . 


10. The Affine Geometry of the Ellipse = 32 : ~ - . . 
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t sinatated bibl eel d of sipnificant and accessibte matertal . . 
Jf) of ‘ ; : bes 
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